THE GITTINS INDEX DESIGN PRINCIPLE FOR
COST-AWARE BAYESIAN DECISION-MAKING UNDER
UNCERTAINTY

A Dissertation
Presented to the Faculty of the Graduate School
of Cornell University
in Partial Fulfillment of the Requirements for the Degree of

Doctor of Philosophy

by
Qian Xie

August 2026



(©) 2026 Qian Xie
ALL RIGHTS RESERVED



THE GITTINS INDEX DESIGN PRINCIPLE FOR COST-AWARE BAYESIAN
DECISION-MAKING UNDER UNCERTAINTY
Qian Xie, Ph.D.

Cornell University 2026

Selecting high-performing designs through costly evaluations is a crucial problem
in automated machine learning and adaptive experimentation, with applications
including hyperparameter tuning, control design, scientific discovery, and LLM
evaluation. In these settings, decision makers adaptively gather information while
balancing potential performance improvements against cumulative evaluation costs
under uncertainty:.

This dissertation studies cost-aware Bayesian decision-making based on the
Gittins index. The first part of the dissertation connects cost-aware Bayesian
optimization to the Pandora’s Box problem from economics, where the Gittins index
policy is Bayesian-optimal. This perspective leads to a novel and principled policy
class for selecting the next costly evaluation and deciding when further evaluation
is no longer worthwhile, supported by theoretical guarantees and validated through
competitive empirical performance on black-box optimization tasks.

The dissertation then considers a broader class of Bayesian decision problems in
which information about each option is revealed through richer partial observations
collected over multiple costly stages. I first study an application-driven special case,
best model configuration identification in efficient LLM evaluation, where evaluating
a configuration on benchmark examples produces noisy samples informative about
its latent mean performance. I then generalize to settings where evaluations can

be paused and resumed, and partial observations such as neural network training



curves drift toward and gradually reveal an option’s latent mean. Building on
connections to Bayesian bandits and Markov chain selection problems, where Gittins
index policies are also known to be Bayesian-optimal, the dissertation develops
computationally efficient Gittins index methods for adaptively allocating evaluations
across options with varying costs.

Together, these works illustrate how Gittins indices can serve as a cost-aware
design principle for Bayesian decision-making under uncertainty, including Bayesian

optimization and bandit-like Bayesian decision problems with multi-stage feedback.
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functions.! From the visual, one can see that these functions differ

in terms of multimodality and ridge-regions within the optimization

landscape. | . . . . . .
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A2

Comparison between three acquisition functions, namely Expected

Improvement (EI), Pandora’s Box Gittins Index (PBGI) with a

large A\-value of A\ = 10", and Pandora’s Box Gittins Index with a

small A-value of A = 107°. All three are computed using the same

posterior distribution with four data points. The maximum is shown

as alargedot.| . . . ... ..

A3

A Bayesian optimization problem with varying costs on which Lo-

ghkil, a numerically stable implementation of El-—which by con-

struction ignores costs—has poor performance. See Section [2.4]

and Appendix |A.4.1] for additional details. Like Figure [2.2] this

construction also mirrors Astudillo et al. (2021, Section A). The

domain is X = [—500, 500, which we visualize on the subinterval

—5,5]. Left: illustration of the non-uniform prior variance, which

is given by a Matérn-5/2 kernel scaled by a narrow bump func-

tion, plus a constant. Center: the cost function, which 1s a narrow

bump-shaped function. Right: regret curves, shown as medians

and quartiles.| . . . . . ...
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A

Experimental results comparing the impact of log-scaling and nu-

merical stability on the performance of EI and PBGI, tested on

Bayesian regret with d = 16 and shown using quartiles. We see that

Exp(LogEl) is close to Unst. EI, and similarly for S-PBGI vs PBGI.

However, Log(Unst. EI) improves significantly over EI, and LogEI

IMProves eVen MOTE.| . . . . . . . . . . . o v v
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A5

Runtime comparison ot PBGI against baselines for computing the

acquisition function on the Ackley benchmark across different di-

mensions (d = 4,8, 16). We see that runtime of PBGI is slower than

Logkl and 'T'S, but faster than KG and MSEL| . . . . ... .. ..

A6

Behavior of PBGI-D under difterent choices of the initial value Ag,

and the coefhicient of decay (5, on the Bayesian regret experiment

with d = 8 and other parameters set the same way as in Section [2.4]

We show medians under n = 256 samples, along with quartiles to

assess variability. We see that smaller A\g-values act similarly to the

behavior seen 1n Figure [2.3[ for PBGI, trading off risk-seeking vs.

risk-averse behavior, but with a substantially smaller gap between

the two variants. Larger S-values lead to more-abrupt decay curves

for A, with an effect qualitatively similar to A\g. In both cases, though

our relatively-large sample size allows us to see small differences

between methods, their overall impact on performance is close-to-

nonexistent on the scale of variability,| . . . . ... ... ... ...

A7

Experimental results for the Robot Pushing empirical benchmark,

with the known-cost variant (left) and unknown-cost variant (right).

We see that LoghIPC, LoghklCC. and PBGI-D performing best in

both cases. |. . . . . . . . ..
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A8

Regret curves for the Bayesian regret and synthetic benchmark

experiments, as well as best observed values for the empirical exper-

iments, showing using means (solid lines) and two times standard

errors (shaded regions). See Figures [2.4] to 2.6 for details.| . . . . .

A0

Comparison of Bayesian regret across Gaussian process priors with

different kernels over different dimensions, in the unitorm-cost set-

ting. All length scales are x = 10~". We see that overall behavior is

similar, but the precise thresholds at which each example switches

between the easy, medium-hard, and very hard regimes differ.| . . .

148

A.10

Comparison of Bayesian regret across Gaussian process priors with

different kernels over different dimensions, in the cost-aware setting.

All length scales are k = 10~!. We see that overall behavior is

similar, but the precise thresholds at which each example switches

between the easy, medium-hard, and very hard regimes differ.| . . .

A1l

Comparison of Bayesian regret across different length scales and

dimensions, with a Matérn-5/2 kernel, in the uniform-cost setting.

We see similar overall behavior, but each example switches between

the easy, medium-hard, and very hard regimes at different precise

thresholds.) . . . . . . . . .

A12

Comparison of Bayesian regret across different length scales and

dimensions, with a Matérn-5/2 kernel, in the cost-aware setting.

We see similar overall behavior, but each example switches between

the easy, medium-hard, and very hard regimes at different precise

thresholds.) . . . . . . . . .

A3

Comparison of regret for synthetic benchmark functions under dit-

ferent dimensions, in the uniform-cost setting. We see that most

methods perform similarly for d = 4, with differences between the

most-competitive methods emerging as dimension increases to d = 8

and d =16 . . . . . . .

A.14

Comparison of regret for synthetic benchmark functions under dif-

ferent dimensions, in the cost-aware setting. We see that most

methods perform similarly for d = 4, with difterences between the

most-competitive methods emerging as dimension increases to d = 8

and d=16J) . . . . . . .

B1

Comparison of the raw and moving-averaged PBGI/LogEIPC stop-

ping rule signals (i.e., the LogEIPC acquisition values) in Bayesian

regret 8D experiments for multiple acquisition functions, with linear

cost and stopping thresholds at log(0.1), log(0.01) and log(0.001).

Left: 'The unaveraged signals exhibits large, high-frequency fluc-

tuations due to the ditficulty of acquisition optimization in high

dimensions. Right: Applying moving average (window—=20) smooths

these wiggles, yielding more stable stopping signals.|. . . . . . . ..

Xix
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B2

Surface plots of cost functions over [0, 1]*: (Left) Uniform cost of

1 across domain. (Middle) Normalized linear cost increasing with

the mean of z; and x,. (Right) Periodic cost with o = 2, § = 2,

normalized by Bessel-based factor. |. . . . . . ... ... ... ..

B3

Empirical relationship between the number of model parameters

and runtime for three LCBench datasets. FEach subplot shows a

scatter plot of actual runtime (y-axis) against number of model

parameters (z-axis), along with a fitted linear regression line. The

observed linear trend supports using 0.001 times the number of

model parameters as a proxy for runtime. For Fashion-MNIST and

adult, the fitted slopes are close to 0.001. The slope for higgs is

slightly higher, possibly due to a tew outhiers. | . . . . ... .. ..

B.4

Empirical relationship between the number of FLOPs and runtime

for the three NATS-Bench datasets. Each subplot shows a heatmap

of actual runtime (y-axis) against number of FLOPs (z-axis), along

with a fitted linear regression line. The observed linear trend sup-

ports using o X #FLOPs + [ as a proxy for runtime. | . . . . . . .

B.5

Evolution of per-iteration computation time (in log scale) for differ-

ent stopping stopping rules when paired with six acquisition policies

on the 8-dimensional Bayesian regret benchmark. Kach subplot

shows the average runtime (in seconds) over 50 iterations under

one acquisition function—LCB, Thompson Sampling, LogEkIPC,

PBGI(A = 10~"), PBGI(A = 10~*), and PBGI(A = 10~°). Curves

correspond to four stopping criteria: our PBGI/LogEIPC stopping

rule, SRGap-med, UCB-LCB, and the probabilistic regret bound

(PRB). Convergence and GSS can be applied using only the best

observed value and thus require no additional computation time,

thus they are omitted here. LogEIPC-med relies on the same under-

lying statistical computations as the LogEIPC rule, and therefore

1ts runtime is not measured separately. The results should that

PRB 1ncurs significant computational overhead compared to other

stopping rules.| . . . . ...




B.6

[lustration of a single draw from a Matérn-5/2 Gaussian process

on [0, 1] with lengthscale 0.1, optimized using PBGI acquisition

function under uniform cost and cost-scaling factor A = 0.01. We

compare two variants of PBGI stopping rules: the before-posterior-

update (this-round) stopping rule and the after-posterior-update

(next-round) stopping rule. Left: The latent objective function

(solid gray) and evaluation sequences for before-posterior-update

stopping (blue circles) and after-posterior-update stopping (orange

crosses). The dotted blue line and the dashed orange line mark

the best observed value under each respective rule. Right: Cost-

adjusted regret for each stopping rule. In this example, after-

posterior-upaate stopping achieves strictly lower cost-adjusted regret

despite performing more evaluations.| . . . . . . ... ... ... ..
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B.7

Comparison of simple regret of five acquisition functions: LogEIPC

PBGI(A = 10~%), LCB, TS, and PBGI-D on LCBench datasets,

using scaled proxy runtime as evaluation cost. We can see that

indeed the cost-aware LoghlIPC and PBGI outpertforms the cost-

unaware UCB and TS. PBGI-D with out recommended A\ 1s also

competitive.. . . . . . . L Lo
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B3

Comparison of cost-adjusted simple regret across acquisition func-

tion and stopping rule pairs on the Fashion-MNIST dataset. The

objective function is the validation error, and the evaluation cost

1s the proxy runtime, scaled by three different cost-scaling factors

A=107°,10"%10"". We can see that the PBGI/LogEIPC stopping

rule consistently achieves cost-adjusted regret close to the hindsight

optimal adaptive stopping (shown by the red marker) as well as the

hindsight optimal fixed-iteration stopping (given by the minimum

point along the fixed-budget curve) when paired with the PBGI

acquisition function, though not always the best| . . . . . . . . ..

B.9

Comparison of cost-adjusted simple regret across acquisition func-

tion and stopping rule pairs on the adult dataset. The objec-

tive function i1s the validation error, and the evaluation cost is

the proxy runtime, scaled by three different cost-scaling factors

A=107",10"%,10"". We can see that the PBGI/LogEIPC stopping

rule consistently achieves the cost-adjusted regret close to hindsight

optimal adaptive stopping (shown by the red marker) as well as the

hindsight optimal fixed-iteration stopping (given by the minimum

point along the fixed-budget curve) when paired with the PBGI or

TS acquisition function, particularly with PBGIL| . . . . . . . . ..

xxi



B.10

Comparison of cost-adjusted simple regret across acquisition func-

tion and stopping rule pairs on the higgs dataset. The objec-

tive function 1s the validation error, and the evaluation cost is

the proxy runtime, scaled by three different cost-scaling factors

A=107°,10"%,10"". We can see that the PBGI/LogEIPC stopping

rule consistently achieves the best cost-adjusted regret when paired

with the LogEIPC, PBGI, or T'S acquisition tunction, particularly

with PBGI. These pairs not only approach the hindsight optimal

adaptive stopping (shown by the red marker) but also perform

comparably to the hindsight optimal fixed-iteration stopping (the

minimum point along the fixed-budget curve).|. . . . . . . .. ...
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B.11

Comparison of cost-adjusted simple regret across acquisition func-

tion and stopping rule pairs on the cifari0-valid dataset. The

objective function is the validation error, and the evaluation cost

1s the proxy runtime, scaled by three different cost-scaling factors

A=10"%,10"",10"°. We can see that the PBGI/LogEIPC stopping

rule consistently achieves the best cost-adjusted regret when paired

with the LogEIPC, PBGI, or T'S acquisition tunction, particularly

with PBGI. These pairs not only approach the hindsight optimal

adaptive stopping but also perform comparably to the hindsight

optimal fixed-iteration stopping.| . . . . . . ... ... ...

B.12

Comparison of cost-adjusted simple regret across acquisition func-

tion and stopping rule pairs on the cifar’00 dataset. The objec-

tive function 1s the validation error, and the evaluation cost is

the proxy runtime, scaled by three different cost-scaling factors

A =10"%107",10"° The PBGI/LogEIPC stopping rule remains

competitive at A = 107* and 107°, though not always the best.

At X\ = 107, unlike in most experiments, it stops noticeably late

(though still outperforming several other rules), even when paired

with its matching acquisition function. By Lemma [3] under model

match, the PBGI/LogEIPC rule with the corresponding acquisition

function should never incur negative expected cost-adjusted regret

betore stopping. The suboptimal behavior observed here points to

significant model misspecification on the cifar!00 dataset. |

xxi1
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B.13

Comparison of cost-adjusted simple regret across acquisition func-

tion and stopping rule pairs on the /mage/Net16-120 dataset. The

objective function is the validation error, and the evaluation cost

1s the proxy runtime, scaled by three different cost-scaling factors

A =10"%107",10"° The PBGI/LogEIPC stopping rule remains

competitive at A = 107* and 107°, though not always the best.

At A = 107", unlike in most experiments, it stops noticeably late

(though still outperforming several other rules), even when paired

with its matching acquisition function. By Lemma [3] under model

match, the PBGI/LogEIPC rule with the corresponding acquisition

function should never incur negative expected cost-adjusted regret

betore stopping. The suboptimal behavior observed here points to

significant model misspecification on the ImageNet16-120 dataset.|

178

B.14

Comparison of cost-adjusted simple regret on three LCBench

datasets with A\ = 10, using scaled proxy runtime vs. scaled actual

runtime as evaluation cost. While our PBGI/LogEIPC stopping

rule performs slightly worse under actual runtime (e.g., dropping

from best to second-best on the higgs dataset), likely due to cost

model misspecification, it remains close to the hindsight optimal in

all cases.) . . . . ...

B.15

Cost-adjusted simple regret across acquisition function and stopping

rule pairs under the unknown-cost setting on LCBench with A =

107%.  Our PBGI/LogEIPC stopping rule remains close to the

hindsight optimal when paired with the LogEIPC-exp or PBGI

acquisition function, sometimes slightly worse than heuristics such

as GSS and Convergence. It is also slightly worse than Immediate

on Adult, likely due to a cost-model misspecification in the unknown-

cost setting.|. . . . . . . . . . ...
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B.16

Cost-adjusted simple regret of all 35 LCBench datasets when

A = 107°. Datasets where the matched PBGI pair underperforms,

meaning that it does not rank among the top three acquisition

function—stopping rule pairs by cost-adjusted simple regret, are

highlighted in light grey|. . . . . . ... ... ... ... ... ...
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B.17

Cost-adjusted simple regret of all 35 LCBench datasets when

A = 10~*. Datasets where the matched PBGI pair underperforms,

meaning that it does not rank among the top three acquisition

function—stopping rule pairs by cost-adjusted simple regret, are

highlighted in light grey|. . . . . . . . . ... ... ... ... ...
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B.18

Cost-adjusted simple regret ot all 35 LCBench datasets when

A = 107°. Datasets where the matched PBGI pair underperforms,

meaning that it does not rank among the top three acquisition

function—stopping rule pairs by cost-adjusted simple regret, are

highlighted in light grey|. . . . . . . . . ... ... ... ... ...

xxiil

183



B.19

Top-20 validation—test rank preservation for every LCBench dataset.

Datasets are split into Dypger (red) and Dy, (green) based on

whether the matched PBGI pair ranks among the top three PBGI-

based acquisition function—stopping rule pairs tormed by the seven

stopping rules in S at A = 10~*. The dashed line marks Top-20 = 0.5.

Datasets where the matched PBGI pair underpertorms also have

markedly lower validation-to-test rank preservation, indicating that

their weaker cost-adjusted regret reflects a val/test mismatch in the

benchmark rather than a failure mode of the stopping rule itselt.|

. 184

3.20

Comparison of cost-adjusted simple regret across acquisition func-

tion and stopping rule pairs in the 1D Bayesian regret experiments,

with cost-scaling factor A = 107+,107%,10~° and under uniform

cost. The dashed line in each subplot represent fixed iteration stop-

ping (e.g., the y-axis value of the line at iteration 50 represent the

cost-adjusted regret when always stop at iteration 50). . . . . . . .

185

B.21

Comparison of cost-adjusted simple regret across acquisition func-

tion and stopping rule pairs in the 1D Bayesian regret experiments

with cost-scaling factor A = 10~*,107%, 10~ and under linear cost.

The dashed line in each subplot represent fixed iteration stopping

(e.g., the y-axis value of the line at iteration 50 represent the cost-

adjusted regret when always stop at iteration 50).|. . . . . . . . ..
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B.22

Comparison of cost-adjusted simple regret across acquisition func-

tion and stopping rule pairs in the 1D Bayesian regret experiments

with cost-scaling factor A = 107%,107%,10~° and under periodic

cost. The dashed line in each subplot represent fixed iteration stop-

ping (e.g., the y-axis value of the line at iteration 50 represent the

cost-adjusted regret when always stop at iteration 50). . . . . . . .

|
187

B.23

Comparison of cost-adjusted simple regret across acquisition func-

tion and stopping rule pairs in the 8D Bayesian regret experiments

with cost-scaling factor A = 107!,107%, 10~® and under uniform

cost. The dashed line in each subplot represent fixed iteration stop-

ping (e.g., the y-axis value of the line at iteration 50 represent the

cost-adjusted regret when always stop at iteration 50). . . . . . . . 188

B.24

Comparison of cost-adjusted simple regret across acquisition func-

tion and stopping rule pairs in the 8D Bayesian regret experiments

with cost-scaling factor A = 10~%, 1072, 10~ and under linear cost.

The dashed line 1n each subplot represent fixed iteration stopping

(e.g., the y-axis value of the line at iteration 50 represent the cost-

adjusted regret when always stop at iteration 50).. . . . . . . . .. 189
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B.25

Comparison of cost-adjusted simple regret across acquisition func-

tion and stopping rule pairs in the 8D Bayesian regret experiments

with cost-scaling factor A = 107%,107%,10™° and under periodic

cost. The dashed line in each subplot represent fixed iteration stop- |

ping (e.g., the y-axis value of the line at iteration 50 represent the |

cost-adjusted regret when always stop at iteration 50). . . . . . . . 190

B.26

Single-trajectory illustration of how the moving-average window size

W affects the PBGI/LogEIPC stopping signal on the 8D Bayesian

regret benchmark under periodic costs (seed 0, A = 107%), with

PBGI (A = 102) as the acquisition function. The light grey curve

. LoghklPC . . . T
is the raw o;**™" ', the blue curve its W-iteration trailing average,

the red dashed line the stopping threshold log A, and the green star

the resulting stopping iteration. Without smoothing (W = 1) the

rule fires early (iter. 24, regret 4.04) on a noisy dip; smoothing defers

the trigger and recovers low cost-adjusted regret (iter. 119, regret

278 at W =20)] . . . . . . ... 191

B.27

Single-trajectory illustration analogous to Figure |B.26] with the |

LogEIPC acquisition function (same seed, same cost regime, A\ =

10~*). Without smoothing the rule fires at iter. 34 with regret 4.01;

with W = 20 1t fires at 1ter. 93 with regret 2.66.|. . . . . . . . . .. 192

323

single-trajectory illustration analogous to Figure|B.26] with T"homp- |

son sampling (TS) as the acquisition function. Unlike the matched- |

acquisition cases, smoothing here pushes the stopping iteration

later (iter. 71 at W = 1 vs. iter. 215 at W = 20) without a cor-

responding drop in cost-adjusted regret. 'I'S does not satisty the |

expected-improvement-exceeds-cost property ot Lemma [3| so the |

PBGI/LogEIPC stopping rule has no matched guarantee for it . . 193

B3.29

Single-trajectory illustration analogous to Figure [B.26, with LCB

as the acquisition tunction. The raw LogEIPC signal has a clean

|
|
transient: smoothing changes the stopping iteration only slightly |
(iter. 2 at W =1 vs. iter. 5 at W > 5) and the cost-adjusted regret |

stabilizes at 2.73 for all W >5|. . . . . . . .. ... ... ... .. 194

[B.30

Effect of the moving-average window size W € {1,5,10,20} on the

average stopping iteration (blue, left axis) and the average cost-

adjusted simple regret (orange, right axis) for the PBGI/LogEIPC

stopping rule on the 8D Bayesian regret benchmark under periodic

costs (A = 1072, 50 seeds, error bars are +2 standard errors). Each

subplot fixes one acquisition function. Smoothing yields the largest |

cost-adjusted regret reductions tor the matched PBGI and LogEIPC |

pairs, a smaller reduction for LCB, and no benefit for T5.| . . . . . 195

B.31

Ageregate ablation analogous to Figure |B.30] under uniform costs. |

Smoothing slightly reduces cost-adjusted regret for the matched |

PBGI and LogEIPC pairs and 1s roughly neutral for LCB and TS.| 196
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[B.32 Ageregate ablation analogous to Figure |B.30] under linear costs.

Smoothing reduces cost-adjusted regret for the matched PBGI and

LogEIPC pairs and for LCB, with no benefit for TS| . . . . . . ..

[C1

Distribution of per-arm quality for GSM8K, PIQA, and Alpacakval.

GOMSK has 122 arms and 1,000 examples, PIQA has 103 arms and

1,000 examples, and Alpacakval has 153 arms and 805 examples.

For GSM8K and PIQA, each subplot corresponds to one dataset—

seed pair across five random seeds; for Alpacakval, the subplot uses

the no-rounding-debias matrix used in our experiments. Bars show

the histogram of arm quality, defined as mean accuracy or win rate

over queried examples. Vertical lines mark the empirical mean (red),

best arm (green), and prior mean (purple). The GSM8K and PIQA

distributions are highly similar across seeds, suggesting that the

observed variation 1s small when the only source of randomness 1s

LLM response generation.| . . . . . . . . . . ... ... ... ...

208

C2

Easy subjects: Distribution of per-arm quality for MMLU subjects

assigned to the high informative-prior bucket (ug = 0.75). Each

subplot corresponds to one subject; bars show the histogram ot

arm quality, defined as mean accuracy over questions. Vertical lines

mark the empirical mean (red), best arm (green), and prior mean

(purple).|. . . . .o

209

C3

Medium subjects: Distribution of per-arm quality for MMLU sub-

jects assigned to the medium informative-prior bucket (ug = 0.6).

Each subplot corresponds to one subject; bars show the histogram

of arm quality, defined as mean accuracy over questions. Vertical

lines mark the empirical mean (red), best arm (green), and prior

mean (purple)| . . ...

C4

Hard subjects: Distribution ot per-arm quality for MMLU subjects

assigned to the low informative-prior bucket (yy = 0.4). Each

subplot corresponds to one subject; bars show the histogram ot

arm quality, defined as mean accuracy over questions. Vertical lines

mark the empirical mean (red), best arm (green), and prior mean

(purple).|. . . . . .
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C5

MMLU unit-cost results for easy subjects (high prior bucket). Simple

regret 1s plotted against cumulative evaluations. Subplot labels

o>, M, and L indicate small, medium, and large subject matrices,

corresponding to batch sizes 5 =2, 5 =4, and 5 = 8, respectively:

LRF uses 5 = 32 throughout. Shaded regions denote £1 standard

errors across seeds. Dashed vertical lines mark mean stopping times,

with faint vertical bands showing +1 standard errors. On easier

subjects, the Gittins variants usually reach low simple regret rapidly

and often outperform UCB-E. Bayesian optimization is competitive

on several tasks but is less uniformly strong, while LRF 1s generally

less effective and less stable. Compared with SySRs, Gittins-5S

generally enters the low-regret regime earlier across these subjects.

| 231

C6

MMLU cost-aware results for easy subjects (high prior bucket).

Simple regret is plotted against cumulative cost. Subplot labels

S, M, and L indicate small, medium, and large subject matrices,

corresponding to batch sizes 5 =2, 5 =4, and 5 = 8§, respectively;

LRF uses B = 32 throughout. Shaded regions denote +1 standard

errors across seeds. Dashed vertical [ines mark mean stopping times

with faint vertical bands showing £1 standard errors. In this cost-

aware setting, Gittins variants typically reach low simple regret at

relatively small cumulative cost. Bayesian optimization is strong on

some subjects but is not consistently better than Gittins, and LRF

remains comparatively weak and unstable. Compared with SySRs,

Gittins-S generally enters the low-regret regime earlier across these

subjects. | . . . ...

C.7

MMLU unit-cost results for medium-difficulty subjects (medium

prior bucket). Simple regret is plotted against cumulative evalu-

ations. Subplot labels 5, M, and L indicate small, medium, and

large subject matrices, corresponding to batch sizes B =2, B =4,

and B = 8, respectively; LRF uses B = 32 throughout. Shaded

regions denote +1 standard errors across seeds. Dashed vertical

lines mark mean stopping times, with faint vertical bands showing

+1 standard errors. Across these mixed-difficulty subjects, Gittins-5

1s often the most reliable variant, reaching low simple regret earlier

than UCB-E on many tasks. Gittins-G remains competitive on

several subjects, and Bayesian optimization performs well when the

arm-level configuration structure is informative. LRF is generally

less eftective. Compared with SySRs, Gittins-5S generally enters the

low-regret regime earlier across these subjects. | . . . . . . . . . ..
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O3

MMLU cost-aware results for medium-difficulty subjects (medium

prior bucket). Simple regret is plotted against cumulative cost.

Subplot labels S5, M, and L indicate small, medium, and large

subject matrices, corresponding to batch sizes 5 =2, 5 =4, and

5 = 8, respectively; LRE uses 5 = 32 throughout. Shaded regions

denote +1 standard errors across seeds. Dashed vertical lines mark

mean stopping times, with faint vertical bands showing 41 standard

errors. The Gittins variants usually achieve low simple regret with

substantially smaller cumulative cost than UCB-E. Gittins-S 1s often

the strongest and most stable method in this bucket, while Bayesian

optimization 1s competitive on selected subjects. LRF remains less

stable and typically underperforms. Compared with SySRs, Gittins-

S generally enters the low-regret regime earlier across these subjects.

I

[C.9

MMLU unit-cost results for hard subjects (low prior bucket). Simple

regret 1s plotted against cumulative evaluations. Subplot labels

S, M, and L indicate small, medium, and large subject matrices,

corresponding to batch sizes B =2, B =4, and B = 8, respectively:

LRF uses B = 32 throughout. Shaded regions denote 1 standard

errors across seeds. Dashed vertical lines mark mean stopping times,

with faint vertical bands showing 41 standard errors. On hard

subjects, Gittins-5 1s usually the most eftective and stable method,

often reaching low simple regret earlier than UCB-E and more

consistently than Gittins-G. Bayesian optimization is strong on a tew

subjects but 1s not uniformly dominant, while LREF is substantially

less reliable. Compared with SySRs, Gittins-S generally enters the

low-regret regime earlier across these subjects. | . . . . . . . . . ..

[C.10

MMLU cost-aware results for hard subjects (low prior bucket).

Simple regret is plotted against cumulative cost. Subplot labels

S, M, and L indicate small, medium, and large subject matrices,

corresponding to batch sizes 5 =2, 5 =4, and 5 = 8, respectively;

LRF uses 5 = 32 throughout. Shaded regions denote +1 standard

errors across seeds. Dashed vertical lines mark mean stopping times,

with faint vertical bands showing 41 standard errors. In this harder

cost-aware setting, Gittins-S generally provides the strongest overall

pertormance, reaching low simple regret with smaller cumulative

cost than UCB-E on most subjects. Gittins-G can be competitive

on some tasks but is less stable under heterogeneous costs. Bayesian

optimization performs well on selected tasks, while LRF remains the

least reliable baseline. Compared with SySRs, Gittins-S generally

enters the low-regret regime earlier across these subjects. | . . . . .
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[C1T

Total wall-clock runtime under the unit-cost setting. Each panel

reports the total runtime for a completed simulated allocation run

on GSMSBK, PIQA, Alpacakval, MMLU-small, MMLU-medium,

and MMLU-large. Bars show medians across completed runs,

with black error bars indicating 1 standard error. Hollow di-

amonds mark median Gittins stopping times, and hollow cir-

cles mark median Bayesian optimization stopping times, esti-
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CHAPTER 1
INTRODUCTION

Selecting a good design often requires learning its value through costly experiments.
A machine learning practitioner may train and validate candidate models, a scientist
may run simulations or laboratory experiments, and an evaluator may test language
model configurations on benchmark examples. In each case, the decision maker
begins uncertain about which option is best, gathers information sequentially,
and ultimately recommends or deploys one option. The central difficulty is that
information is valuable but not free: each additional evaluation can improve the

final decision, but consumes time, computation, money, or experimental resources.

This dissertation studies how to make such decisions in a cost-aware Bayesian
manner. A Bayesian model represents uncertainty about the value of each option
and updates that uncertainty as observations arrive. A policy must then answer

three coupled questions:

(i) which option should be evaluated next,
(ii) how much information should be gathered about it, and

(iii) when should evaluation stop and a final recommendation be made?

Although these questions arise in many forms, the chapters of this dissertation
share a common design principle: compare options using Gittins indices. A Gittins
index assigns each option a scalar priority that balances its potential value, the
uncertainty that further evaluation may resolve, and the cost of obtaining that
information. Under suitable independence and Bayesian modeling assumptions,
selecting the option with the largest index is not merely a heuristic decomposition

of a difficult sequential problem; it is a Bayesian-optimal policy.



The dissertation develops this principle through two complementary perspectives.
The first connects cost-aware Bayesian optimization to Pandora’s Box, whose
Bayesian-optimal policy ranks boxes using Weitzman’s reservation values (Weitzman,
1979). The second connects problems with multi-stage feedback to Markov chain
selection, whose Bayesian-optimal policy ranks chains using Gittins indices (Gittins
et al.,|2011a)). These two index rules were discovered independently, but Weitzman’s
reservation values are mathematically equivalent to the Gittins indices for the
corresponding one-shot Markov chains. For consistency across the dissertation, we
therefore refer to Weitzman’s reservation values as Pandora’s Box Gittins indices.
Together, these perspectives show how the same index design principle can guide

decisions across different feedback models and application domains.

1.1 Cost-Aware Bayesian Decision-Making

Let 65 denote the unknown terminal value of option k € {1,..., K}. Depending
on the application, an option may be a point in a black-box search space, a model
configuration, or a candidate whose performance is revealed over time. A policy
sequentially chooses evaluations based on the history observed so far. Evaluation
of option k incurs a cost and produces information about 0. At a stopping time 7T,

the policy recommends an option k.
One natural goal is to minimize the simple regret of the final recommendation,
m}?Xka — 0, (1.1)

subject to a limit on cumulative evaluation cost. Another is to combine the two
quantities directly, minimizing expected simple regret plus cumulative cost. The

first formulation is appropriate when an evaluation budget is imposed externally.



The second makes stopping endogenous: continued evaluation is worthwhile only

when its expected benefit exceeds its cost.

Throughout this dissertation, the evaluations themselves are treated as
information-gathering actions, and performance is assessed by the quality of the
final choice together with the cost of reaching it. This differs from standard
cumulative-reward bandit objectives, which also value rewards collected while
learning. Under the terminal-decision objectives considered here, a useful policy
should direct evaluations toward options for which additional information is most
useful for making the final choice, account for heterogeneous evaluation costs, and

determine when further evaluation is no longer worthwhile.

1.1.1 From One-Shot to Multi-Stage Feedback

The first part of this dissertation considers settings in which each evaluation
produces one-shot feedback about the performance of a selected design. Problems
with this structure are commonly approached using Bayesian optimization: a
probabilistic model captures uncertainty about an expensive black-box objective,
and an acquisition function selects the next design to evaluate. Chapters 2 and 3
study the cost-aware version of this problem and connect it to Pandora’s Box, a
well-studied problem from economics with a discrete set of independent alternatives.
In Pandora’s Box, opening a box incurs a cost and reveals the reward inside,
providing an analytically solvable model from which to design practical acquisition

and stopping rules for Bayesian optimization.

The second part further considers settings in which richer information is available
through multi-stage feedback. An option can be evaluated over multiple stages,

with each costly stage producing a partial observation that can inform subsequent



allocation decisions. Evaluation may be paused and resumed, and the option’s
posterior state evolves as evidence accumulates. LLM benchmark evaluation has
this form when each model configuration is tested on only a subset of examples.
Training-curve and simulation settings have an even richer version of this structure:
observations arrive over stages and may drift toward an option’s latent terminal
value. By using this intermediate information, a policy can adapt its evaluation
decisions before paying the cost required to complete every option. We connect

such problems to the selection of independent Markov chains.

The one-shot and multi-stage settings thus connect to two classical sequential
decision problems: Pandora’s Box and Markov chain selection, respectively. Both
admit Bayesian-optimal policies based on Gittins indices, although the indices take
different forms to reflect their different feedback structures. This shared optimality

motivates the Gittins index design principle developed throughout the dissertation.

1.2 The Gittins Index Design Principle

The Gittins index converts a coupled sequential decision problem into a collection
of single-option stopping problems (Gittins et al., |2011a). Informally, consider
focusing on one option while comparing it with a fixed outside alternative of value
g. The option’s index is the critical value of g at which the decision maker is
indifferent between continuing to evaluate that option and taking the alternative.
A high index can result from a high current posterior value, substantial upside that
remains unresolved, or low evaluation cost. Once an index is computed for every
option, the policy proceeds with the option having the largest index and stops
when no unopened or unfinished option is preferable to the best available terminal

choice.



This decomposition is attractive for both conceptual and computational reasons.
Conceptually, an index makes the exploration—exploitation—cost trade-off explicit
in a single priority score. Computationally, the single-option problems can often
be solved offline or reused across many options, avoiding direct solution of a joint
dynamic program whose dimension grows with the number of candidates. The
central challenges addressed in this dissertation are how to adapt Gittins index
policies to problems in which the distributions of option values are unknown and
must be learned from observations, and how to efficiently compute approximations

of the resulting indices that are sufficiently accurate for practical use.

1.2.1 Pandora’s Box Indices for Bayesian Optimization

In Pandora’s Box, each unopened box has an independent reward distribution and
a known opening cost. The optimal reservation value for a box is determined by
equating its expected improvement over a fixed alternative with its opening cost
(Weitzman, [1979). Opening boxes in decreasing order of these reservation values,
and stopping when the best revealed reward exceeds every remaining reservation

value, is Bayesian-optimal.

In the original Pandora’s Box terminology, these indices are called Weitzman’s
reservation values. Following the unified terminology introduced above, we call

them Pandora’s Box Gittins indices.

Chapters 2 and 3 use this result as a design principle for cost-aware Bayesian
optimization. Chapter 2 interprets the Pandora’s Box reservation value as an
acquisition function, the Pandora’s Box Gittins Index (PBGI). This yields an
alternative to expected improvement per unit cost (EIPC), which divides expected

improvement by evaluation cost. PBGI treats cost more directly and in a more



principled manner: cost enters the value-of-information equation that defines the
index, rather than being applied as an external normalization. The method is exact
for the idealized independent discrete problem and serves as a tractable acquisition

rule when transferred to correlated Gaussian process models.

Chapter 3 makes the stopping implication explicit. If the best value already
observed is greater than the index of every unevaluated alternative, then further
evaluation is not justified in the Pandora’s Box model. This observation motivates
a cost-aware stopping rule for Bayesian optimization and connects the decision
of where to sample with the decision of whether to sample at all. The resulting
acquisition—stopping pairs are evaluated using cost-adjusted simple regret, which

combines the simple regret of the final solution with cumulative evaluation cost.

1.2.2 Markov Chain Indices for Multi-Stage Feedback

The Pandora’s Box model reveals an option’s value all at once. Chapters 4 and
5 move to settings in which information is revealed gradually. Each option is
represented by a Markov state summarizing the observations collected so far, and
evaluating that option advances its state by one costly stage. The associated Gittins
index again arises from a single-option optimal stopping problem, but its value now

depends on the option’s evolving posterior state.

Chapter 4 studies an application-driven instance: efficient LLM evaluation. Each
arm represents an LLM configuration, and each pull evaluates that configuration
on benchmark examples. The observations are noisy measurements of latent mean
performance. Under a Gaussian approximation, posterior means evolve according to
Gaussian random walks with decreasing uncertainty. This structure permits index

values to be precomputed and retrieved efficiently during evaluation. The resulting



policy allocates examples adaptively, incorporates configuration-dependent costs,

and produces an anytime final recommendation.

Chapter 5 generalizes from repeated noisy observations of a fixed latent mean to
broader multi-stage feedback, in which observations can drift toward and gradually
reveal an option’s latent mean. It considers Gaussian state-space models, which can
represent partially observed trajectories in problems such as model training and
other multi-stage experiments. Although the relevant Gittins policy is characterized
by Bayesian optimality theory, its indices are generally unavailable in closed form.
The chapter reduces the index computation to structured one-dimensional dynamic
programs and accelerates their solution using fast Fourier transforms. This turns a
theoretical optimality characterization into a practical policy for a substantially

richer class of continuous-state models.

1.2.3 From Analytical Models to Computable Policies

Across both parts, the dissertation progresses from analytically tractable models
with Bayesian-optimal index policies to computable policies for practical decision
problems. Pandora’s Box and Markov chain selection provide the analytic founda-
tions, but applying their index principles requires adapting them to settings with
learned and correlated values or richer feedback, and determining how the resulting

indices can be computed efficiently.

The common contribution is therefore not a single index formula. It is a way
of designing sequential information-gathering policies: formulate each candidate’s
evolution as a stopping problem, use evaluation cost to define the value of continued
information, compute the resulting option-level index, and rank options by that

index. The chapters study where this recipe is exact, how it can motivate effective



approximations outside the exact model, and how its computational bottlenecks

can be overcome.

1.3 Organization of the Dissertation

The remainder of the dissertation consists of two parts, each containing two chapters.
In Part I, Chapter 3 complements Chapter 2 by adding stopping to acquisition.
Part II extends Part I from one-shot to multi-stage feedback, and within Part II,

Chapter 5 generalizes the feedback model considered in Chapter 4.

Chapter 2: Cost-aware Bayesian optimization via the Pandora’s Box
Gittins index. This chapter connects cost-aware Bayesian optimization to Pan-
dora’s Box, derives PBGI as an acquisition function, and evaluates it on synthetic

and empirical black-box optimization problems.

Chapter 3: Cost-aware stopping for Bayesian optimization. This chapter
complements Chapter 2 by developing and evaluating a cost-aware stopping rule
for Bayesian optimization, with guarantees for the expected cost-adjusted simple

regret of the resulting acquisition—stopping policies.

Chapter 4: Efficient cost-aware LLM evaluation via Bayesian bandit
Gittins indices. This chapter formulates LLM benchmark evaluation as cost-
aware Bayesian best-arm identification and develops an efficiently computable

Gittins index policy for allocating partial evaluations across configurations.



Chapter 5: Bayesian-optimal decision-making under cost-aware multi-
stage feedback via the Gittins index. This chapter generalizes Chapter 4 to
Gaussian state-space models with richer multi-stage feedback and uses Gaussian

structure and fast Fourier transforms to compute accurate index approximations

efficiently.



Part 1

Cost-aware Bayesian Optimization
with Adaptive Stopping via the

Pandora’s Box Gittins Index
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CHAPTER 2
COST-AWARE BAYESIAN OPTIMIZATION VIA THE PANDORA'’S
BOX GITTINS INDEX

This chapter is based on joint work with Raul Astudillo, Peter I. Frazier, Ziv Scully,
and Alexander Terenin (Xie et al., (2024).

Abstract. Bayesian optimization is a technique for efficiently optimizing unknown
functions in a black-box manner. To handle practical settings where gathering data
requires use of finite resources, it is desirable to explicitly incorporate function
evaluation costs into Bayesian optimization policies. To understand how to do
so, we develop a previously-unexplored connection between cost-aware Bayesian
optimization and the Pandora’s Box problem, a decision problem from economics.
The Pandora’s Box problem admits a Bayesian-optimal solution based on an
expression called the Gittins index, which can be reinterpreted as an acquisition
function. We study the use of this acquisition function for cost-aware Bayesian
optimization, and demonstrate empirically that it performs well, particularly in
medium-high dimensions. We further show that this performance carries over
to classical Bayesian optimization without explicit evaluation costs. Our work
constitutes a first step towards integrating techniques from Gittins index theory
into Bayesian optimization. Code available at: HTTPS://GITHUB.COM/QIANJAN

EXIE/PANDORABAYESOPT.

2.1 Introduction

Bayesian optimization is a framework for optimizing functions whose evaluation

is time-consuming or expensive. It is widely used for hyperparameter tuning of
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machine learning algorithms (Snoek et al., 2012), robot control (Martinez-Cantin,
2017)), material design (Zhang et al., 2020), and other areas. Bayesian optimization
works by forming a probabilistic model for the objective function, and then chooses
where to sample via an acquisition function that balances the explore-exploit

trade-offs arising from uncertainty in this model.

We study cost-aware Bayesian optimization, where one must pay a cost to
acquire another sample and this cost may vary with where the function is evaluated.
Costs are an important factor in practical scenarios. For instance, in hyperparameter
tuning using GPUs rented from a cloud provider, training a neural network for

twice as many epochs may carry twice the financial cost.

Despite its practical relevance, cost-aware Bayesian optimization is studied
less than standard Bayesian optimization, where budgets are framed in terms of
the number of function evaluations and costs are not explicitly considered. Many
existing theoretically-principled cost-aware approaches (Yue and Kontar, 2020}
Jiang et al., 2020; Lee et al., |2021; Astudillo et al., |2021; Belakaria et al., |2023])
rely on multi-step lookahead computations that are computationally expensive
and can be numerically brittle, limiting their applicability. Other approaches lack
a theoretical foundation and risk having poor performance on certain problems.
For example, one of the most popular cost-aware acquisition functions used in
practice, expected improvement per unit cost (Snoek et al.,2012)), has recently been
theoretically shown by Astudillo et al. (2021)) to perform arbitrarily worse than the
optimal policy. Thus, in the cost-aware setting, there is a need for theoretically-
principled and computationally-straightforward acquisition functions with good

empirical performance.

In this work, we develop such an approach. To do so, we introduce a novel link
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between cost-aware Bayesian optimization and a discrete-space decision problem
from economics called the Pandora’s Box problem (Weitzman, 1979; Doval, |2018}
Singla, [2018). The Pandora’s Box problem admits an explicit Bayesian-optimal
solution. We show how this solution can be used to develop a novel acquisition
function class for two cost-aware Bayesian optimization settings: (i) expected budget-
constrained Bayesian optimization, where there is a constraint on the expected cost
of the samples taken, and (ii) cost-per-sample Bayesian optimization where the total
costs incurred are subtracted from the final objective function value. The resulting
acquisition functions are closely connected to expected improvement variants, but

incorporate costs in a different, non-multiplicative way.

We evaluate the proposed acquisition function, termed the Pandora’s Bozx
Gittins Index (PBGI), on a comprehensive set of experiments to understand its
strengths and weaknesses. On both sufficiently-easy low-dimensional problems
and too-difficult high-dimensional ones, performance is comparable to baselines.
On most medium-hard problems of moderate dimension, the proposed acquisition
function either matches or outperforms the strongest baselines. Surprisingly, we find
this performance carries over to the classical setting with uniform costs. We also

discuss limitations, including behavior on problems where baselines are stronger.

The Pandora’s Box Gittins Index is a version of the Gittins index (Gittins et al.,
2011b), a general framework for deriving optimal policies for a variety of bandit-like
decision problems (Weber, 1992; Dumitriu et al., 2003a; Gupta et al., 2019) which
is widely-used in queueing theory and related areas (Glazebrook and Nino-Mora,
2001; Aalto et al., 2009 Scully et al., 2020). Other versions of the Gittins index
have recently been proposed for Bayesian optimization with an infinite-horizon

discounted cumulative regret objective (Persky, |2021)). Our Pandora’s-Box-based
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formulation is instead designed for the simple regret objective more common in
the literature (Garnett, 2023a)). Our work thus opens a novel angle of attack for

designing acquisition functions specialized to specific practical settings of interest.

Contributions. In this work, we (i) connect the Pandora’s Box problem with a
variant of cost-aware Bayesian optimization over a discrete search space. Using this
connection, we (ii) explore the use of Gittins indices, which are Bayesian-optimal
for the Pandora’s Box problem, as an acquisition function for general cost-aware
Bayesian optimization where data is incorporated via the posterior distribution. We
(iii) demonstrate the resulting acquisition function has strong empirical performance
on a variety of problems of moderate-to-high dimension, including the varying-cost

problems it was designed for, as well as classical cost-unaware problems.

2.2 Cost-aware Bayesian optimization

In black-box optimization, we are interested in finding the global optimum of an
unknown (potentially stochastic) function f : X — R defined on some compact
domain, using pointwise function evaluations of f at locations x1,..,x7 € X that we
select sequentially. We are interested in policies that achieve low simple regret—see

Garnett (2023a, Sec. 10.1)—mamely

Esup f(z) — E max f(z;) (2.1)

veX 1<t<T
where the expectation is taken over all sources of randomness in the function f
and the policy, including the stopping time 7" and sequential selections x1, .., z7. In
our setup, obtaining a new function evaluation at a point x carries a non-zero cost
c(x) € Ry, assumed automatically-differentiable unless discussed otherwise. We

consider settings that integrate costs into the problem in different ways:
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(a) In the expected budget-constrained setting, there is a budget B € R, and the

algorithm is not allowed to exceed this budget in expectation.

(b) In the cost-per-sample setting, at each time the algorithm must choose whether
to pay a cost and obtain a new function evaluation, or to stop and return some
previously-observed point. In this setting, we add the total sum of costs at

termination time to the regret.

Note that the cost function ¢ : X — R, can be constant, which we term uniform
costs. In this case, (a) reduces to standard black-box optimization with a finite
time horizon, and (b) reduces to a variant of stopping-aware Bayesian optimization.
These are not the only possible settings: one can also consider other variants
including the almost-sure budget-constrained setting where the algorithm is not
allowed to exceed the budget in a strict manner. Since we are interested primarily
in the role of costs rather than stopping times in this work, we mostly work with
budget constraints throughout this paper, especially almost-sure budget constraints
for our empirical results. We will use the cost-per-sample setting as a conceptual

framework with which to study budget-constrained settings.

2.2.1 Probabilistic models and acquisition functions

Bayesian optimization algorithms for solving various black-box optimization prob-
lems work by (i) building a probabilistic model of f—that is, a probability distri-
bution which quantifies what is known about f given the data points (z, ;)
seen so far—where y; = f(x;) are previous function evaluations—then (ii) using the
model and its uncertainty to decide where to evaluate the unknown function next.
For an introduction, see Frazier (2018)) and Garnett (2023al). Following standard

practice, we work with Gaussian process models (Rasmussen and Williams, [2006a).
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Let f | 214, 1.+ be the respective posterior distribution.

To decide where to evaluate f next, one uses the model to define a (potentially
random) acquisition function oy : X — R, which quantifies how promising a

particular location is given what is known so far. We then evaluate f at

Ty = argmax oy (), (2.2)
zeX

obtaining an additional data point that is used to reduce uncertainty and further

improve the model.

2.2.2 Expected improvement per unit cost

The most popular cost-aware acquisition function is expected improvement per unit

cost (EIPC) (Snoek et al., [2012), defined via

EI T1.4,y1: \ L3 11 T T
QBIPC (1) = Flere g (45 MAX1 <7< Yr) Ely(z;y) = Emax(0,¢(z) —y) (2.3)

c(x)

where we have written o'PC(.) in terms of the general expected improvement

function El, defined with respect to some random function ¢ : X — R, and a
comparator point y. With this notation, EIPC can be interpreted as the ratio of
the expected improvement, with respect to the current posterior and using the best

point seen so far as the comparator, to the cost.

In the uniform-cost case, where the costs ¢(x) = C' € R, are constant for all
x, this acquisition function reduces to the classical expected improvement (EI)
acquisition function oy”'(z) = Elyy,, 4., (¥; maxi<;<;y-). In turn, expected im-
provement can be derived by considering the setup where the unknown function f
is randomly sampled from the model’s prior. If we imagine that the optimization

process continues for only one more time step before stopping, maximizing expected

improvement is the optimal strategy in this one-step-lookahead scenario.
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Since EIPC reduces to EI in the uniform-cost case where ¢(z) = C, it follows
that it chooses the same points whether C' = 0.0001 or C' = 1000000. This is
somewhat peculiar: one might expect that a cost-aware acquisition function should
be more risk-averse if costs are high, and vice versa if they are low. Thus, EIPC is
perhaps best suited to settings where heterogeneity of costs is the main factor at
play: without heterogeneity, one can simply apply standard acquisition function
variants (Chowdhury and Gopalan, 2017). However, even with heterogeneous
costs, Astudillo et al. (2021) show there exist reasonable problems where EIPC
performs arbitrarily worse than the optimal policy in an approximation-ratio sense,
due to over-sampling low-value low-cost points. Analogous behavior can occur in
multi-fidelity settings, which Wu et al. (2020) argue can be especially undesirable

in the presence of model-misspecification.

In spite of this rather negative outlook, EIPC has been shown to work well
on many practical problems, is computationally efficient and reliable, and is the
standard cost-aware choice in BoTorch (Balandat et al., [2020). We therefore
ask: can one develop a technically-principled and computationally-straightforward

alternative with at-least-comparable empirical performance?

2.3 The Pandora’s Box Gittins index for Bayesian optimiza-

tion

To develop a cost-aware acquisition function, we study a simplified decision problem
that captures key difficulties of the main problem but is tractable enough to yield
analytic insights. An analogous strategy is used classically to derive expected
improvement, by exactly solving a simplified one-step decision problem. We study

a different simplified decision problem, which can also be solved exactly, but where
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the simplification is spatial rather than temporal in nature. Specifically, we connect
Bayesian optimization with the Pandora’s Boxr problem from economics. To do
so, we describe Pandora’s Box in Section and its solution in Section [2.3.2
showing along the way how these ideas can be reinterpreted from the view of
Bayesian optimization. We illustrate this in Figure [2.1] Then, in Section [2.3.3] we

use Pandora’s Box to derive a novel class of cost-aware acquisition functions.

2.3.1 The Pandora’s Box problem

The Pandora’s Box problem (Weitzman, |1979; Gittins et al., 2011b) is a sequential
decision-making problem. It begins with a finite set of boxes, which we collect
into a set and label X = {1,.., N}. Each box has a hidden reward, denoted by
f(z), and an inspection cost, denoted by c¢(z). The rewards are given by mutually
independent random variables whose distributions are known and vary between

different boxes.

The decision-making process starts with a set of closed boxes, and proceeds in

discrete time steps. At time ¢, one can choose to do one of two things:

1. Open a box x; € X. This incurs cost ¢(z;), but reveals the exact value f(z;) of
the reward inside the box, which is drawn using the box’s respective reward

distribution.

2. Stop opening new bozes, and take the reward from the best opened box. This
ends the decision-making process, and yields a terminal reward equal to the
maximum value among the boxes opened so far, with the convention that at

least one box must be opened.

The policy’s goal is to maximize the expected net utility, which is the reward of
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Pandora’s Box Bayesian Optimization

@) % ; add correlations and @%@ f(z)
_o

take continuum limit

a*: Bayesian-optimal incorporate f | y1, .., Yt aFBGL: acquisition function
acquisition function T TTTTTTTTTT proposed in this work

Figure 2.1: An illustration of this work’s key idea. We view cost-aware Bayesian
optimization as an extension of the Pandora’s Box problem, and derive the cost-
aware acquisition function aFBC! by incorporating the posterior into the Bayesian-
optimal Pandora’s Box acquisition function a*.

the best open box minus the expected total costs of all boxes opened so far, and is

written
T

E max f(z) ~ E Zl c() (2.4)
t=
where 7" is a random variable that denotes the number of opened boxes, indicating

that the policy terminates at time 7"+ 1.

If we subtract the objective from Esup,cy f(z), which is constant with
respect to the policy, we obtain the sum of the simple regret objective defined
in Section and expected total costs. The Pandora’s Box problem is therefore
equivalent to a special case of cost-aware black-box optimization, specifically the
cost-per-sample variant of Section , where (a) the domain X is a finite set, and
(b) the objective function f is random, with independent f(x) and f(2’) for z # 2.
We will return to this point in the sequel, but first study the Pandora’s Box problem

in more detail.

2.3.2 Optimally solving Pandora’s Box

The Pandora’s Box problem gives rise to an explore-exploit tradeoff: a policy must

balance the opportunity gained from learning the value of the reward contained
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inside the box with the cost of opening it. Since the reward distributions are known,
this tradeoff is captured within a Markov decision process (MDP). By general MDP
theory, there exists an optimal policy describing which box, if any, one should open

for a given configuration—we call such a policy Bayesian-optimal.

This MDP can be solved explicitly, with a remarkably simple solution, first
derived in an economics setting by Weitzman (1979). We start by associating
with each box € X a number o*(x) known as the Gittins index (Gittins et al.,

2011b)). Define
a*(x) =g where g solves Elf(x;9) = c(x) (2.5)

where El¢(x;y), previously defined in (2.3]) of Section , is the expected improve-
ment of x relative to y—the same expression which appeared in the expected
improvement acquisition function variants ol and oPC. Note that, unlike in
those cases, a* is not time-dependent due to the lack of correlations or conditioning.
Since Els(z; g) is strictly decreasing in g, the root-finding problem admits a

unique solution for every value of ¢(z).

To understand what o*(x) represents, consider a single closed box z, and
suppose there is a second, open box with reward f*. Is opening box = better than
taking the reward f* from the open box? This amounts to whether the expected
improvement from opening z balances out the opening cost ¢(z): one can show
that opening x is better if and only if EI;(x; f*) > ¢(z). The value a*(x) tells us
how large does the alternative reward f* need to be, for stopping and taking it to be
at least as good as opening bor r—a kind of fair value which makes different boxes

directly comparable to one another.

If we decide which box to open via the aforementioned fair values, we obtain

the Gittins index policy, which proceeds as follows. At each time ¢, let f; =
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maxi<,<¢ f(z,) be the maximum reward among all open boxes, and let z} be
the box of maximum Gittins index value o*(z) among unopened boxes, with ties
broken according to a given ordering. With this notation, using a tie-breaking rule
that stops as early as possible—but noting that other tie-breaking rules, including
stopping as late as possible, or stopping with some probability, are also valid—we

get:

o If f < a*(x}), the policy opens box z*.

o If f > a*(x}), the policy stops and receives terminal reward f;.

It turns out that opening boxes according to the order determined by their fair
values, in the sense above, is not only a good idea, but is outright Bayesian-optimal.

We state this formally as follows.

Theorem 1 (Weitzman (1979))). Let X be a finite set, let f: X — R be a finite-
mean random function for which f(x) is independent of f(x') for x # 2’, and
let ¢ : X — R, without loss of generality, be deterministic. Then, for the cost-
per-sample problem, the policy defined by maximizing the Gittins index acquisition

function o with its associated stopping rule is Bayesian-optimal.

In the language of Bayesian optimization, this means that not only is there an
explicit Bayesian-optimal policy for the Pandora’s Box setting, but this policy also
takes the form of mazximizing an acquisition function. This gives an explicit solution
for the cost-per-sample setting, thereby showing Pandora’s Box fits our original goal
of finding a simplified decision problem that sheds insights on cost-aware Bayesian
optimization. For an alternative proof, see Kleinberg et al. (2016, Theorem 1).
Using Lagrangian relaxation, we show that the obtained solution carries over to

the expected budget-constrained setting.
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Theorem 2. Consider the expected budget-constrained problem, with the assump-
tions of Theorem [1 Assume the problem is feasible and the constraint is active,
namely mingex c(z) < B <) .y c(x). Then there exists a A > 0 and a tie-breaking
rule such that the policy defined by mazimizing the Gittins index acquisition function

a*(+), defined using costs Ac(x), is Bayesian-optimall.

A proof is given in Appendix This result extends a special case of Aminian
et al. (2024, Theorem 1). Compared to that work, we consider only Pandora’s Box,
but allow general reward distributions—including those with infinite support, such
as Gaussian rewards. The optimal A depends on the budget constraint B implicitly
via a convex optimization problem given in Appendix[A.2] In budget-constrained
problems, we therefore view \ as a hyperparameter, which controls the degree to
which the algorithm is risk-averse vs. risk-seeking—precisely what we argued was

missing from EIPC in Section 2.2

One can intuitively understand A using a needle-in-haystack metaphor. Suppose
one wants to find the best needle, but can only search a fraction of the haystack in
expectation, represented by the budget B. The key phrase is in expectation: if the
search is not promising, one can stop early and avoid wasting budget, otherwise one
can search more of the haystack. This prompts the question: in what situations
should one continue searching? The answer depends on the interplay between the
budget B, costs ¢, and best value f; seen so far, and is encoded by A in Theorem
Larger A-values correspond to smaller budgets B, incentivizing one to search less
of the haystack. Crucially, the optimal acquisition function o* behaves differently
for different A-values, and therefore for different budgets: roughly, smaller budgets

cause a* to explore less. We will return to this in Section [2.3.3| and Figure [2.3
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Figure 2.2: A Bayesian optimization problem with varying costs on which LogEIPC—
a numerically stable implementation of EIPC, see Section [2.4] and Appendix[A.4.T}—
has poor performance, inspired by Astudillo et al. (2021, Section A). The domain is
X = [-500, 500], which we visualize on the subinterval [—5,5]. Left: illustration of
the non-uniform prior variance, which is given by a Matérn-5/2 kernel scaled by a
narrow bump function. Center: the cost function, which is a narrow bump-shaped
function. Right: median regret curves and quartiles for LogEIPC and PBGI. Legend
refers only to regret curves.

2.3.3 An acquisition function class for cost-aware Bayesian

optimization

To adapt a* to the Bayesian optimization setting, we need to handle two differences:
(i) X does not need to be discrete, and (ii) a general probabilistic model is used
for f. Since Theorem [1] ostensibly requires f(x) to be independent of f(z') for all
x # ', the key question is how to incorporate data and spatial correlations into o*.
We propose to do so in the simplest and most obvious way: namely, at each time
t, we plug the posterior distribution f | 21,31+ in place of f. This yields three

variants, depending on the precise cost-aware setting one is interested in:

1. Budget-constrained: define Pandora’s Box Gittins index (PBGI) acquisi-

tion function

alBCl(r) = ¢ where g solves Elfizrm. (2 9) = Ac(x) (2.6)
and A\ is a hyperparameter that should be tuned to match the evaluation

budget B.
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2. Cost-per-sample: we can directly apply afPC! in this setting as well, but now \

is instead interpreted as unit-conversion factor which ensures costs and rewards
have the same units, and the Pandora’s Box stopping rule is used for deciding
when to terminate the optimization procedure and return the best observed

value.

3. Adaptive decay: here, we do not have a pre-defined budget or cost-based
stopping rule. Define the Pandora’s Box Gittins index with adaptive decay
(PBGI-D) acquisition function a’BSP () analogously to o3 (x), but with
a time-dependent \; schedule, set according to the Pandora’s Box stopping
rule. Specifically, A\ is initialized to a given value, then set

A

=it fF > el @A)
A= | P (2.7)

A, otherwise
where 5 > 1 is a decay factor that is used to decrease A\, at any time 7 when
the Pandora’s Box stopping rule triggers. The advantage of this variant is that
it can be more robust to different ranges of the policy hyperparameters: we

discuss this further in Appendix [A.4.3]

To understand this acquisition function class, one can think of it via the following
approximation: for the general cost-aware Bayesian optimization problem, we (a)
correctly incorporate observed data into the prior to obtain the posterior, but then
(b) pick new samples according to the rule that would have been Bayesian-optimal
if the posterior had no correlations. Said differently, aPB¢! arises from exactly
solving a simplified dynamic program, where the simplification is of a spatial nature,
rather than the usual temporal lookahead. One can therefore expect this acquisition
function to work best in situations where correlations are not the decisive factor

for determining performance.
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In what problems does this happen? In stationary kernels, correlations encode
local dependence. Therefore, one can expect B¢l to be approximately-optimal in
settings where the key decisions involve choosing between different far-away data
points. One can intuitively expect this to occur more often in high-dimensional
problems, where the volume of the search space is large and most points are far

away from each other. We will examine this point empirically in the sequel.

Computation. To compute aFB¢!

efficiently, note that y — EL,(z;y) is mono-
tone. As a result, the value g in can be computed efficiently via bisection
search. In Appendix [A.2.2] we show that (i) the gradient of a”BS! can be computed
straightforwardly via an explicit analytical expression without any additional opti-

mization, and (ii) the resulting computational costs are closer to those of expected

improvement than those of expensive multi-step-lookahead-based approaches.

Extension to stochastic and non-automatically-differentiable costs. One

can show that Theorem [1| holds in the more general case where the cost function

is random, as long as one substitutes c¢(z) with its mean. The same holds for

Theorem [2] as shown in Appendix [A.2.5 In this setting, therefore, stochasticity

of ¢(z) affects performance, but does not change the optimal strategy. Building
PBCI

on these observations, we propose extensions of «; to the more general setting

where costs are modeled using a log-normal process in Appendix [A.2.4]

Qualitative behavior and comparisons. Compared to cost-unaware acqui-
sition functions such as EI, PBGI can be more risk-averse if costs are large or
more risk-seeking if costs are small. In varying-cost budget-constrained settings,

this tradeoff is mediated by A, and the obtained decisions can differ significantly
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Figure 2.3: Left: contour plots showing how EI (left) and PBGI (center-left, center-
right) depend on the posterior mean and standard deviation at a given point (lighter
colors indicate higher values). We see that PBGI values high standard deviation
more than EI. Right: PBGI performance across values of A, under the setup of the
Bayesian regret experiment of Section with d = 8. We plot the median of a set
of samples using n = 256 random seeds, along with quartiles to show variability.
We see that large A-values decrease regret sooner, but eventually lose out to smaller
A-values.

from those of widely-used baselines such as EIPC. In particular, PBGI can make
qualitatively different decisions on problems where there is a high-variance point
with a large cost, among a set of many low-variance low-cost points. In Fig-
ure we adapt the construction of Astudillo et al. (2021, Section A) into a
one-dimensional Bayesian optimization problem with a non-stationary prior, and
observe that EIPC—even in its numerically stable logarithmic form described in

Section [2.4}—has substantially worse performance than PBGI.

The PBGI acquisition functions depends on f | x1.4, y1.4 through its mean and
standard deviation at each point. We plot this in Figure This shows for large
A that PBGI can resemble EI, whereas for small \ it is nearly linear. Specifically,

in the A — 0 limit, we have

AP = () + o)y 2108 T3 29)

where p; and o, are the mean and standard deviation of f | 21, y1.;. This expres-

sion is similar to the upper confidence bound (UCB) acquisition function whose

dependence is exactly linear, with heterogeneous learning rate parameter set to

26



N = 1/2log izgg A derivation is given in Appendix |A.2.3] For small A\, one can

thus view PBGI as giving a way to automatically tune UCB’s confidence parameter

in a careful way depending on c(z).

2.4 Experiments

We now empirically evaluate the Gittins-index-based acquisition function on cost-
aware problems. We also evaluate on the same problems with a spatially-constant
cost function, a setting we term uniform costs—this facilitates comparisons with
classical, cost-unaware baselines. In both cases, mirroring practical settings, we

work with a deterministic, algorithm-independent evaluation budget.

We implement all methods in BoTorch (Balandat et al., 2020) using Matérn
Gaussian processes with smoothness v = 5/2. For Bayesian regret experiments
where objectives are sampled from the prior, we fix the length scale to be k = 1071
for both the prior and the posterior. For synthetic and empirical experiments, we
apply maximum marginal likelihood optimization to dynamically adjust the length
scale every iteration. To ensure that our results are not sensitive to these and other
hyperparameter choices, all experiments were repeated with alternatives given in
Appendix [A.4.6l Each experiment was repeated for 16 seeds to assess variability,

unless stated otherwise. Experimental details are in Appendix [A.3]

We evaluate both PBGI variants from Section [2.3.3] namely o”PS! with A = 1074,
and ofBEP with \g = 107! and B = 2. To assure ourselves that performance
differences are not primarily due to tuning, we deliberately use the same \-values
for PBGI and the same (\g, 5)-values for PBGI-D on all problems. Comparisons
with other (\g, §)-values can be found in Appendix [A.4.3]
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Figure 2.4: Regret curves for objective functions sampled from the prior, shown
using medians, as well as quartiles to indicate experiment variability. We see in the
cost-aware setting that both PBGI variants usually exhibit comparable performance
to LogEIPC and LogEICC, with PBGI-D decisively outperforming other baselines.
In the uniform-cost setting, the story is similar for d = 8 and d = 16: PBGI and
PBGI-D perform comparably to the best baselines, which are LogElI and UCB, as
well as MSEI for d = 8. However, for d = 32, all methods perform comparably
to random search, with PBGI, PBGI-D, LogEI, and UCB having near-identical
median performance. See Figure for an alternative visualization using mean
and standard error.

For varying-cost problems—that is, those with spatially non-constant cost—we
compare with (log) expected improvement per unit cost (LogEIPC) (Snelson et al.,
2003; Snoek et al., 2012)), (log) expected improvement with cost cooling (LogEICC)
(Lee et al., 2020)), multi-fidelity maz-value entropy search (MFMES) (Takeno et al.,
2020) and budgeted multi-step expected improvement (BMSEI), (Astudillo et al.,
2021)), which was shown in that work to have state-of-the-art cost-aware performance.
For uniform-cost problems—that is, those with constant costs—we compare with
log expected improvement (LogEI) (Ament et al., 2023), Thompson sampling (TS),
upper confidence bound (UCB) (Srinivas et al., [2009), maz-value entropy search
(MES) (Wang and Jegelka, 2017), knowledge gradient (KG) (Frazier et al., [2009),

and multi-step expected improvement (MSEI) (Jiang et al., [2020). We choose these
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because (i) they are standard, and (ii) acquisition function optimization succeeds for
them on our problems, reducing confounding. We work with logarithmic expected
improvement variants (LogEl, LogEIPC, LogEICC), as they have recently been
shown to have substantially better numerical and optimization properties than

their traditional counterparts (Ament et al., 2023)—see Appendix for details.

2.4.1 Bayesian regret

For our first experiment, we examine how well the proposed acquisition functions
perform on random functions sampled from the prior. To quantify the effect of
problem difficulty, we vary the dimension of the domain X = [0, 1]¢, and consider
d € {8,16,32}. Results, in terms of empirical regret curves and their associated
quartiles, are shown in Figure 2.4 Additional results for d = 4, demonstrating
comparable performance between both PBGI variants and all baselines, as well as
sensitivity comparisons involving the Gaussian process prior with varying kernel

hyperparameters such as different smoothness values and length scales, are included

in Appendix [A.3]

In the low-dimensional case of d = 8, PBGI and LogEI variants achieve similar
or better performance to the non-myopic (B)MSEI baseline. Once we increase
dimension to d = 16, we see bigger differences, with PBGI variants, LogEl variants,
and UCB now decisively outperforming (B)MSEI. Notably, the PBGI variants
are also competitive in the uniform-cost setting—in spite of being designed for
cost-aware problems. This can be explained via the curse of dimensionality: as
dimension increases, the problem begins to look more like the uncorrelated Pandora’s
Box problem where using Gittins index is Bayesian-optimal. Eventually, however,

the problem becomes too difficult for meaningful progress to be made within our
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Figure 2.5: Synthetic benchmark regret curves, shown using medians, as well as
quartiles to assess variability. All objective functions are defined with dimension
= 16. We see in the cost-aware setting that PBGI, PBGI-D, LogEIPC, and
LogEICC all perform similarly on the heavily-multimodal Ackley function, matching
or outperforming the non-myopic BMSEI baseline. On the Levy and Rosenbrock
functions, PBGI-D matches—and for some cost budgets outperforms—all baselines,
including the non-myopic BMSEIL. Under uniform costs, PBGI performs well on
Ackley and Levy, but is outperformed by PBGI-D and most baselines on Rosenbrock.
See Figure @ for an alternative visualization using mean and standard error.

computational budget, as seen for the uniform-cost problem with d = 32, where
all deterministic methods perform near-identically and no method outperforms

random search.

2.4.2 Synthetic benchmarks

Next, we consider standard synthetic global optimization benchmark functions.
To represent a variety of geometric properties, we examine the Ackley, Levy, and
Rosenbrock functions. A visualization of the two-dimensional versions of these

functions is given in Appendix [A.T]

Figure [2.5] presents results for d = 16. Additional results for d € {4, 8} showing
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that PBGI and all baselines perform similar, are given in Appendix [A.3] We see
that the behavior of different acquisition functions varies according to the the
function. On the Ackley function, PBGI outperforms PBGI-D and the baselines.
In contrast, on the Levy function, PBGI is best in the uniform-cost setting, but
PBGI-D, LogEIPC, and LogEICC are best in the varying-cost setting. We conclude
that PBGI can in principle offer stronger performance than PBGI-D, as long as
A is not-too-suboptimal, while PBGI-D tends to be less-performant but is more

robust to this hyperparameter choice.

We also examine performance on the banana-shaped Rosenbrock-function, which
has a small number of local optima (Shang and Qiu, [2006)). In this case, PBGI-D
performs the strongest, matching the LogEl variants, while outperforming PBGI
and (B)MSEIL This can intuitively be explained by the one-step optimality of
expected improvement, which better-exploits the less-multimodal objective, while
PBGI and multi-step-based acquisition functions are more conservative and may
therefore require different tuning to perform best. We conclude that PBGI-D
may be a better choice in settings where there is a potential mismatch between
the objective and the prior in terms of degree of multimodality, as this can be

counteracted in part by its decay behavior, particularly compared to PBGI.

2.4.3 Empirical objectives

Finally, we benchmark PBGI policies on three empirical global optimization prob-
lems motivated by applied challenges: Pest Control where d = 25 (Oh et al., 2019),
Lunar Lander where d = 12 (Eriksson et al., [2019), and Robot Pushing where
d = 14 (Wang and Jegelka, 2017)). Detailed descriptions of these problems and

associated cost functions are in Appendix [A.3] Note that, for Lunar Lander and
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Figure 2.6: Empirical benchmark regret curves, shown using medians, as well as
quartiles to show variability. We see in both the varying-cost and uniform-cost
settings that PBGI exhibits strong performance on the Pest Control and Lunar
Lander problems. On the Robot Pushing problem, LogEl variants perform strongest,
with PBGI-D performing second-strongest and matching or outperforming all other
baselines. See Figure for an alternative visualization using mean and standard
error.

Robot Pushing, the cost functions used are not automatically-differentiable. To
handle this challenge and illustrate how our acquisition function can be used when
the cost function is unknown, we apply unknown-cost PBGI and baseline variants,
where the costs are modeled using a second independent log-Gaussian process:

details on this unknown-cost PBGI variant, including its analytic form, are given

in Appendix [A.2.4]

From Figure [2.6] we see that the PBGI matches or outperforms baselines on
Pest Control and Lunar Lander, in both the varying-cost and uniform-cost settings.
On the other hand, PBGI performs poorly on Robot Pushing, where instead
LogEI variants perform best and PBGI-D performs second-best; the non-myopic
BMSEI baseline also performs poorly. This mirrors behavior previously seen on
the Rosenbrock function, from which we suspect that a mismatch between prior

and objective multimodality may be at play here as well. Note also that unlike in
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the Bayesian regret experiments, UCB’s performance is far from strongest. This
may be in part because we tune UCB using the schedule of Srinivas et al. (2009),
which is derived specifically for Bayesian regret, and may be less-ideal for other

settings. In comparison, PBGI-D works reasonably well on five of the six cases.

2.5 Conclusion

In this paper, we introduced a new acquisition function class for cost-aware Bayesian
optimization, the Pandora’s Box Gittins index, based on an unexplored connection
between Bayesian optimization and the Pandora’s Box problem from economics.
We observed promising performance from two variants of this acquisition function
class on both cost-aware problems which are the focus of this work, and, addition-
ally, on classical uniform-cost problems. Performance gains tended to be largest
on higher-dimensional and multi-modal problems. Our work constitutes a first
step toward integrating ideas from Gittins index theory, including insights from
generalizations of Pandora’s Box, and related areas such as queueing theory, into

Bayesian optimization.
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CHAPTER 3
COST-AWARE STOPPING FOR BAYESIAN OPTIMIZATION

This chapter is based on joint work with Linda Cai, Alexander Terenin, Peter I.

Frazier, and Ziv Scully (Xie et al., 2025).

Abstract. In automated machine learning, scientific discovery, and other ap-
plications of Bayesian optimization, deciding when to stop evaluating expensive
black-box functions in a cost-aware manner is an important but underexplored
practical consideration. A natural performance metric for this purpose is the
cost-adjusted simple regret, which explicitly captures the trade-off between solu-
tion quality and cumulative evaluation cost. Existing stopping rules for Bayesian
optimization are either heuristic, or are theoretically grounded but designed to
optimize simple regret without accounting for evaluation costs; as a result, they
provide no guarantees against unnecessary evaluations when costs are high. We
propose a principled cost-aware stopping rule for Bayesian optimization that adapts
to varying evaluation costs without heuristic tuning. Our rule is grounded in a
theoretical connection to state-of-the-art cost-aware acquisition functions, namely
the Pandora’s Box Gittins Index (PBGI) and log expected improvement per cost
(LogEIPC). When paired with either acquisition function, we prove that the result-
ing policy satisfies a theoretical guarantee bounding the expected cost-adjusted
simple regret. Across synthetic tasks and empirical benchmarks including hyper-
parameter optimization and neural architecture size search, pairing our stopping
rule with PBGI or LogEIPC usually matches or outperforms other acquisition-
function—stopping-rule pairs in terms of cost-adjusted simple regret. Code available

at: HTTPS://GITHUB.COM/QIANJANEXIE/ COSTAWARESTOPPINGBAYESOPT.
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3.1 Introduction

Bayesian optimization is a framework designed to efficiently find approximate solu-
tions to optimization problems involving expensive-to-evaluate black-box functions,
where derivatives are unavailable. Such problems arise in applications like hyperpa-
rameter tuning (Snoek et al., 2012), robot control optimization (Martinez-Cantin,
2017), and material design (Zhang et al., [2020)). It works by iteratively, (a) forming
a probabilistic model of the black-box objective function based on data collected
thus far, then (b) optimizing an acquisition function, which balances exploration-
exploitation tradeoffs, to carefully choose a new point at which to observe the

unknown function in the next iteration.

In this work, we consider the cost-aware setting, where one must pay a cost
to collect each data point, and study adaptive stopping rules that choose when to
stop the optimization process. After stopping at some terminal time, we measure
performance in terms of simple regret, which is the difference in value between the
best solution found so far and the global optimum. Collecting a data point can

reduce simple regret, but incurs cost in order to do so.

As an example, consider using a cloud computing environment to tune the
hyperparameters of a classifier in order to optimize a performance metric on a
given test set. Training and evaluating test error takes some number of CPU or
GPU hours, that may depend on the hyperparamaters used. These come with a
financial cost, billed by the cloud computing provider, which define our cost function.
The objective value is the business value of deploying the trained model under
the given hyperparameters—a given function of the model’s accuracy. From this
perspective, simple regret can be understood as the opportunity cost for deploying

a suboptimal model instead of the optimal one. Motivated by the need to balance

35



cost-performance tradeoff in examples such as above, we aim to design stopping
rules that optimizes expected cost-adjusted simple regret, defined as the sum of

simple regret and the cumulative cost of data collection.

Several stopping rules have been proposed for Bayesian optimization. Simple
heuristics—such as fixing the number of iterations or stopping when the best value
remains unchanged for a certain number of iterations—are widely used, but can
either stop too early or lead to unnecessary evaluations. Other approaches include
acquisition-function-based rules that stop when metrics such as probability of
improvement (Lorenz et al., [2015)) fall below a preset threshold, or when expected
improvement (EI) (Nguyen et al., 2017; Zhou et al., 2024)) or knowledge gradient
(KG) (Frazier and Powell, |2008) fall below the cost per sample. Regret-bound-
based rules instead aim to optimize simple regret (Makarova et al., [2022; Ishibashi
et al., 2023; Wilson, 2024; Li et al., |2023a)). These approaches are primarily
developed for the classical uniform-cost setting and do not explicitly account for
varying evaluation costs. Our work instead provides a principled stopping rule
with theoretical guarantees that applies both to the uniform-cost setting and more

generally to varying evaluation costs.

In this work, we study how to design cost-aware stopping rules, motivated by
two primary factors. First, state-of-the-art cost-aware acquisition functions such
as the Pandora’s Box Gittins Index (PBGI) (Xie et al., 2024)) and log expected
improvement per cost (LogEIPC) (Ament et al., 2023) have not yet been studied in
the adaptive stopping setting. As our experiments in Section show, introducing
adaptive stopping can further improve the performance of these acquisition functions
compared to fixed-budget evaluations. Second, while regret-based stopping rules

such as UCB-LCB (Makarova et al., [2022) guarantee low simple regret, they often
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incur excessive evaluation costs, resulting in high cost-adjusted regret, as reflected

in our experiments.

Our work builds upon the Bayesian-optimal Pandora’s Box decision principle
underlying the PBGI acquisition function and extends it to the adaptive stopping
setting in correlated Bayesian optimization. Furthermore, we show that an existing
stopping rule proposed for the EI acquisition function in the classical cost-unaware
setting (Nguyen et al., 2017; Zhou et al., [2024)), admits a principled choice of the
stopping threshold as the evaluation cost per sample, rather than a heuristic tuning
parameter. Under this choice, the resulting stopping condition is equivalent to
the PBGI stopping rule, and naturally extends to the cost-aware setting. This
stopping rule can therefore naturally be paired with acquisition functions derived
from either the PBGI or the EI design principles. Acquisition functions such as KG
or MES, which are derived from alternative principles such as value-of-information

or entropy search, inherently require their own matched stopping rules.

Our contributions are summarized as follows:

1. A Nowel Cost-Aware Stopping Rule. We present an adaptive stopping rule
derived from Pandora’s box theory, which also naturally extends to the expected
improvement design principle, establishing a unified and principled framework

applicable to both classic and cost-aware Bayesian optimization.

2. Theoretical Guarantees. We prove in Theorem [4| that our stopping rule, when
paired with the PBGI or LogEIPC acquisition function, satisfies a theoretical
upper bound on the expected cost-adjusted regret, which constitutes the first
theoretical guarantee of this type for any adaptive stopping rule for Bayesian

optimization.

3. Empirical Validation. We conduct a systematic empirical evaluation across
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multiple acquisition-function—stopping-rule pairs in cost-aware Bayesian opti-
mization. Our results on synthetic tasks and empirical benchmarks show that
pairing our proposed stopping rule with the PBGI or LogEIPC acquisition

function usually matches or outperforms other pairs.

3.2 Bayesian Optimization and Adaptive Stopping

In black-box optimization, the goal is to find an approximate optimum of an
unknown objective function f : X — R using a limited number of function
evaluations at points xy,...,zp € X where X is the search space and T is a given
search budget, potentially chosen adaptively. The convention measures performance

in terms of expected simple regret (Garnett, 2023b|, Sec. 10.1), given by

R =E| min f(z;) —;g}f(f(x) : (3.1)

1<t<T

where the expectation is taken over all sources of randomness, including the sequence
of points x1, ...,z selected by the algorithm. Bayesian optimization approaches
this problem by building a probabilistic model of f—typically a Gaussian process
(GP) (Rasmussen and Williams, 2006b), conditioned on the observed data points
(w4, )|, where y; = f(z;). For each iteration t = 1,...,T, an acquisition function
a; : X — R then guides the selection of new samples by carefully balancing the

exploration-exploitation tradeoff arising from uncertainty about f.

3.2.1 Cost-aware Bayesian Optimization

Cost-aware Bayesian optimization (Lee et al., [2020; Astudillo et al., 2021)) extends
the above setup to account for the fact that evaluation costs can vary across the

search space. For instance, in the hyperparameter tuning example of Section
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costs can vary according to the time needed to train a machine learning model under
a given set of hyperparameters x. Cost-aware Bayesian optimization handles this by
introducing a cost function ¢ : X — R*, which may be known or unknown ahead.
The cost function, or observed costs, are then used to construct the acquisition

function «y.

In this work, we focus primarily on the cost-per-sample formulation (Chick
and Frazier, 2012; Cashore et al., 2016} Xie et al., 2024) of cost-aware Bayesian
optimization, which seeks methods with stopping time 7, not necessarily fixed, that

achieve a low expected cost-adjusted simple regret

R.=E 121£Tf(xt) — ég)f( f(z)+ tzlc(:vt) : (3.2)
simplgrregret cumulative cost

One can also work with the expected budget-constrained formulation (Xie et al.,
2024), which incorporates budget constraints explicitly, and seeks algorithms which
achieve a low expected simple regret under an expected evaluation budget. Here,

performance is evaluated in terms of

T

Z c(x)

t=1

R =E | min f(z;) — in)f(f(:c) subject to E
re

1<t<r

<B. (33)

The stopping rules we study can be applied in this setting as well: we discuss this

in Section 3.3.1]

For both settings, we work with a few acquisition functions—chiefly, log expected
improvement per cost (LogEIPC) (Xie et al., 2024) (the log variant (Ament et al.,
2023) of the expected improvement per cost (Snoek et al., [2012))) and the Pandora’s
Bozx Gittins Index (PBGI) (Xie et al.,|2024). At iteration ¢, let 1. := {x1,...,2:} be
the evaluated points, y1.; := {y1, ..., y:} be their observed values, y;, = minj<s<; ys

be the current best observed value, and f | x1., y1.4 be the posterior distribution of
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f. Then the LogEIPC acquisition function is defined as

EI T1:¢,Y1:t ’ *'
CY%OgEIPC(fﬂ) - lOg fleie,y1: (l’ yl.t) (34)

c() ’
i.e., the logarithm of the expected improvement divided by the cost; and the PBGI
acquisition function is defined as

g s.t. Elf\f it :t(x;g) = C(I), Z ¢ L1t
alBCl (1) .= o (3.5)

f(z), T € Tyy,
where the value g is the threshold such that the expected improvement over g
equals the costll| and EI(z;y) = E [max(y — ¢(z),0)] is the expected improvement
at point x with respect to some random function ¢ : X — R and a baseline value y.

We also consider classical cost-unaware acquisition functions—Ilower confidence

bound (LCB) and Thompson sampling (TS); see Garnett (2023b) for details.

3.2.2 Adaptive Stopping Rules

To the best of our knowledge, stopping rules for Bayesian optimization typically do
not incorporate cost explicitly into the stopping criterion. We broadly categorize

existing methods as follows:

Criteria based on convergence or significance of improvement. This
includes empirical convergence, namely stopping when the best value remains
unchanged for a fixed number of iterations, or the global stopping strategy (GSS)
(Bakshy et al., [2018), which stops when the improvement is no longer statistically
significant relative to the inter-quartile range (i.e., the range between the 25th

percentile and the 75th percentile) of prior observations. In the multi-fidelity

IFor an evaluated point z, we set g = f(x) since the posterior at = collapses to a point mass
at the observed value f(z) and its evaluation cost can be treated as 0.
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setting, Foumani and Bostanabad (2025|) proposed stopping when the high-fidelity
surrogate’s estimated optimum has stabilized over a window of iterations, which
is related to cost-awareness but differs from our setting with explicitly varying

evaluation costs.

Acquisition-based criteria. This includes stopping rules based on acquisition
functions such as PI, EI, and KG. These approaches typically stop when the
acquisition value falls below a threshold—such as a predetermined constant (Lorenz
et al., 2015; Locatelli, [1997), the median of the initial acquisition values (Ishibashi
et al., 2023)), or the cost of sampling (Nguyen et al., 2017; Zhou et al., 2024; Frazier
and Powell, [2008). They are typically defined via fixed thresholds and are primarily
designed for the uniform-cost setting, without explicitly accounting for varying

evaluation costs.

Regret-based criteria. This includes stopping rules based on confidence
bounds such as UCB-LCB (Makarova et al., [2022) and the gap of expected minimum
simple regrets (Ishibashi et al., 2023). These stop when certain estimated regret
bounds fall below a preset or data-driven threshold. The related probabilistic regret
bound (PRB) stopping rule (Wilson, 2024) stops when estimated simple regret is
below a small threshold € with confidence 1 —¢. In contrast to these forward-looking
rules, Li et al. (2023a)) propose a backward-looking stopping rule that detects when
the search has entered a locally convex region and stops once an estimate of local

regret falls below a predetermined threshold.

In settings beyond Bayesian optimization, Chick and Frazier (2012)) have pro-
posed a cost-aware stopping rules for finite-domain sequential sampling problems
with independent values. Although this formulation allows for varying costs, it

does not extend to general Bayesian optimization settings which use correlated GP
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models.

3.3 A Stopping Rule Based on the Pandora’s Box Gittins

Index

In this work, we propose a new stopping rule tailored for two state-of-the-art
acquisition functions used in cost-aware Bayesian optimization: LogEIPC and
PBGI, introduced in Section . As discussed by Xie et al. (2024)), these acquisition
functions are closely connected, arising from two different approximations of the
intractable dynamic program which defines the Bayesian-optimal policy for cost-
aware Bayesian optimization. We now show that this connection can be used to

obtain a principled stopping criterion to be paired with both acquisition functions.

A stopping rule for PBGI. To derive a stopping rule for PBGI, consider first
the Pandora’s Box problem, from which it is derived. Pandora’s Box can be seen as
a special case of cost-per-sample Bayesian optimization, as introduced in Section [3.2]
where X = {1,..., N} is a discrete space and f is assumed uncorrelated. In this
setting, the observed values do not affect the posterior distribution—meaning, we
have f(2) | z1.4, y1+ = f(2') at all unobserved points x’—and thus the acquisition
PBGI ()

function value at point x is time-invariant and can be written simply as «

I

where El;(z; a"B¢!(z)) = ¢(z). Following Weitzman (1979), one can show using a
Gittins index argument that selecting z; to minimize o"B%! is Bayesian-optimal
under minimization—the algorithm which does so achieves the smallest expected

cost-adjusted regret, among all adaptive algorithms.

One critical detail applied in the optimality argument of Weitzman (1979) is

that the policy defined by aBS! is not Bayesian-optimal for any fixed deterministic
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T. Instead, it is optimal only when the stopping time 7T is chosen according to the
condition

min aPP(a) >y, (3.6)

zeX\{z1,...,xt}

where > can be replaced by >EL and as before, y7, is the best value observed so far.

In the correlated setting we study, Xie et al. (2024)) extend o2 to define an
acquisition function by recomputing it at each iteration ¢ based on the posterior
mean and variance, which defines af 5! as in Equation (3.5). In order to also
extend the associated stopping rule, a subtle design choice arises: should we use
ap B! (before posterior update) or of PG (after posterior update) in Equation (3.6)?
While prior theoretical work (Gergatsouli and Tzamos, 2023)) adopts the former
choice, we instead use the latter (after posterior update), resulting in the stopping

rule

' PBGI .
IEX\{xlp--,l’t} t ( ) — yl.t ( )

This choice is motivated by two reasons. First, we argue it more faithfully reflects

the intuition behind Weitzman’s original stopping rule. In the independent setting,

aPBCI(z) represents a kind of fair value for point o (Kleinberg et al., 2016). For an
evaluated point « € {z1, ...,z }, this is simply the observed function value. For an
unevaluated point « & {xy, ..., 2}, the fair value reflects uncertainty in f(z) and

the cost ¢(z). The stopping rule Equation then says to stop when the best
fair value is among the already-evaluated points—namely, when no point provides
positive expected gain relative to its cost if evaluated in the next round, conditioned
on current observations. In the correlated setting, the fair value naturally extends

to aPBCGI because this incorporates all known information at a given time. Second,

2Following Xie et al. (2024, Appendix B), optimality holds under any tie-breaking rule in
the cost-per-sample setting, but only under a carefully-chosen stochastic tie-breaking rule in
the expected budget-constrained setting. For simplicity, we use the stopping-as-early-as-possible
tie-breaking rule in this paper.
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we show in Appendix that using aPPC! yields tangible empirical gains in

cost-adjusted regret.

Connection with LogEIPC. The above reasoning may at first seem to be
fundamentally tied to the Pandora’s Box problem and its Gittins-index-theoretic
properties. We now show that it admits a second interpretation in terms of log
expected improvement per cost, which arises from a completely different one-
time-step approximation to the Bayesian-optimal dynamic program for cost-aware

Bayesian optimization in the general correlated setting.

To show this, we start with definitions above and apply a sequence of trans-

formations. Recall that for any unevaluated point x ¢ {zy,..., 7}, aFB%(z) is
defined in Equation (3.5 to be the solution to
Bl flas e (15007 (@) = (@), (3-8)

and since El(x;y) is strictly increasing in y, any inequality involving o} 2%!(x; )

can be lifted through the EI function without changing its direction, which means
ar B (z) >y, holds if and only if Ely,,., 4., (;y5,) < c(z). This implies that the

PBGI stopping rule from Equation (3.7 is equivalent to stopping when
Elf\m:uyl:t (l‘; yT:t) < C(Z‘), Vo € X\{xb ) xt}? (39)

meaning stop when no point’s expected improvement is worth its evaluation cost.
Rearranging the inequality and taking logs, we can rewrite this condition using the

LogEIPC acquisition functionﬂ :

LogEIPC . &
pax L« 3 y54) < 0. 510
zeX\{z1,...,x¢} ¢ ( yl.t) ( )

3Excluding evaluated points is not theoretically required but often beneficial in practice, as
numerical stability adjustments can cause their expected improvement to remain positive.
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When ¢(x) = ¢y, Equation (8) reduces to the EI thresholding stopping rule (Nguyen

et al., 2017; Zhou et al., [2024])

EI .
max a (T Y7 ,) < cg. 3.11
z€X\{z1,....x¢} t ( yl.t) S Co ( )

We call the stopping rule given by the equivalent conditions (Equations (3.7)), (3.9)
and (3.10))) the PBGI/LogEIPC stopping rule. Figure gives an illustration of

how the rule behaves in a simple setting, demonstrating that it is more conservative—

preferring to stop earlier—when the cost is high.

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
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(a) c(z) =0.1 (b) ¢(x) = 0.0001

Figure 3.1: Tllustration of the PBGI/LogEIPC stopping rule under a uniform-cost
setting. When the cost-per-sample is large (¢(z) = 0.1), the maximum LogEIPC
acquisition value falls below the threshold 0.0 and the minimum PBGI acquisition
value exceeds the threshold (current best observed value), indicating stopping; when
the cost-per-sample is small (¢(z) = 0.0001), the maximum LogEIPC acquisition
value remains above the threshold 0.0 and the minimum PBGI acquisition value is
smaller than the threshold (current best observed value), indicating no stopping.

3.3.1 Theoretical Guarantees on Cost-Adjusted Regret

The connection between PBGI and LogEIPC in fact goes beyond a shared stopping

rule. In Lemma [3, we prove that when paired with this stopping rule, both
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acquisition functions guarantee that at each iteration before stopping, the expected

improvement at the selected point is at least its evaluation cost.

Lemma 3. Let X be compact, and let f : X — R be a random function with
prior mean p(-). Consider a Bayesian optimization algorithm that begins at some
initial point x1 € X with cost C = c(x1), acquires subsequent points using ei-
ther the PBGI or LogEIPC acquisition function, and terminates according to the
PBGI/LogEIPC stopping rule. Let 7 = mings{sup,cx a;*®" <(z) < 0} be the
algorithm’s stopping time, and denote the posterior expected improvement function

by afﬂ(x) = E1f|$1:t7y1:t (l’; yft) Then: fO?“ all t < T, O‘EI(xt+1> > C(xt+1>‘

As a consequence of this claim, we show in Theorem [4] that the PBGI/LogEIPC
stopping rule, when paired with PBGI or LogEIPC, achieves cost-adjusted simple
regret no worse than stopping immediately after the initial evaluation. Notably,
many acquisition function—stopping rule pairs fail to satisfy this no-worse-than-
immediate property in practice (see Figures and , largely because most
stopping rules are designed with simple regret alone in mind and do not explicitly
account for evaluation costs. Moreover, this guarantee is tight in the worst case:
when evaluation costs are sufficiently large relative to the maximum achievable
improvement, immediate stopping is optimal (see Proposition. To our knowledge,
this is the first formal guarantee on cost-adjusted simple regret for Bayesian
optimization, generalizing beyond simpler settings such as Pandora’s Box, which

assumes independent and discrete evaluations.

Theorem 4. Consider the setting and algorithm specified in Lemma[3. Let U :=

w(xy) — Elmingex f(x)] < oo, then the algorithm’s expected cost-adjusted simple
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regret is bounded by

T

E |y;., — géinf(x) + Zc(xt) <E| Y1 — gél)t{lf(x) + c(z1) |=U+C.

X
t=1 _

TV
cost-adjusted regret of immediate stopping

(3.12)

This result yields a bound on expected cumulative cost and, under the natural as-
sumption that practical evaluations have a positive minimum cost, a high-probability

finite-time termination guarantee.

Corollary 5. Consider the setting and algorithm specified in Lemma[3. Then the
expected cumulative cost of the algorithm is bounded by E[Y";_ c(x)] < U + C.
Further, if evaluation costs are uniformly bounded below by a constant ¢y > 0, i.e.,
c(x) > cp,Yr € X, then for any § € (0,1), the algorithm terminates in at most
u+cC

o, Uterations with probability 1 — 9.

Remark 6. Lemma[3 and Theorem[]] are stated for simplicity under initialization
from a single point x1. The results extend directly to arbitrary initial datasets
(1.9, Y1:15) by conditioning on the observations and treating the resulting posterior
as the effective prior. The same guarantees then hold for subsequent iterations

t > to, with all quantities defined with respect to this updated posterior.

Implication in the Budgeted Setting We first note that in the discrete Pan-

dora’s Box setting, under an expected budget constraint B, minimizing af 2% (z) is

Bayesian-optimal: it achieves the lowest expected simple regret, among all algorithms

satisfying the expected cumulative cost within the budget (i.e., E[>"]_, ¢(z4)] < B),
PBGI

and the cost function used in defining a; °~(x) is Ac(z) for some cost-scaling factor

A which depends on B (Xie et al., 2024, Theorem 2).
This result, at first, appear to be completely Pandora’s-Box-theoretic: it requires
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X to be discrete and f to be independent. In the more general correlated setting of
cost-aware Bayesian optimization, however, Bayesian optimality of PBGI may no
longer hold, and the relationship between B and the choice of A is not immediately
clear. Theorem [4] helps bridge this gap: it provides an upper bound on the expected
cumulative cost up to the stopping time, which in turn yields the following principled

choice of X\ that ensures compliance with the budget constraint.

Corollary 7. Consider the setting, algorithm, and notation specified in Lemma |3
and Theorem[]], but with costs rescaled by a factor X > 0: both the acquisition values
and the stopping conditions are computed using Ac(-). For some budget B > C, if

the cost-scaling factor is set to A = BTUC’ then the algorithm’s expected cumulative

unscaled cost satisfies E[Y [, c(xy)] < B.

If this choice of A proves overly conservative—leading to underspending within
the budget—it can be paired with the PBGI-D variant of Xie et al. (2024)), which
starts with A = )¢ and halves it each time stopping is triggered. Choosing
X = U/(B — C) aligns the initial fixed-A phase with the budget in expectation,
while ensuring that the adaptive decay is activated as designed. In Figure in
Appendix we show PBGI-D with this choice of \g is competitive.

All proofs in this section are deferred to Appendix [B.1]

3.3.2 Practical Implementation Considerations for the
PBGI/LogEIPC Stopping Rule

Expressing objective and cost in common units. Evaluation costs are often
measured in different units than the objective, such as time versus accuracy. To

compare them directly, we rescale costs by a constant A > 0, the conversion rate
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between objective improvement and cost. For instance, if one is willing to spend
1000 seconds to improve test accuracy by 0.01, then A\ = 10~°. Importantly, in the
cost-per-sample setting we mainly study, A is a fixed constant set by the problem
provider, rather than a parameter tuned heuristically by the user. The budgeted

setting without a natural unit conversion is discussed in Section [3.3.1

Unknown costs. In practice, evaluation costs are often not known in advance.
They can be modeled either (i) deterministically, using domain knowledge (e.g.,
proportional to model size in hyperparameter tuning), or (ii) stochastically, via
assumptions on the distribution of ¢(x) (our theoretical guarantees still hold after
replacing c¢(x) with E[c(z)]). In Section we present empirical results under both
modeling approaches. For the latter, we follow Astudillo et al. (2021} Proposition 2)
to model In ¢(z) as a GP with posterior mean puy,. and variance o, .. To compute
LogEIPC or PBGI, as well as their related stopping rules (including those in the
prior work and ours), we replace ¢(z) in Equations (3.4)), and with
Elc(z)] = exp(pin () + (01me(x))?/2). The empirical performance is preserved. See
Appendix [B.3.3| for further discussion.

Preventing spurious stops. Although our stopping rule has theoretical guar-
antees, in practice, it—Ilike other adaptive stopping rules—can still suffer from
spurious stops caused by two main sources. First, early in the optimization pro-
cess, the GP model parameters often fluctuate significantly as new data points
are collected, causing unstable stopping signals. To mitigate this, we enforce a
stabilization period consisting of the first few evaluations, during which we do not
allow any stopping rule to trigger. Second, imperfect optimization of the acquisition

function—which is especially common in continuous higher-dimensional search
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spaces—can lead to misleading stopping signals. To handle this, we smooth the
stopping signal in this setting by applying a moving average over a window of
W iterations, and require the stopping condition to hold consistently under this
smoothed signal before stopping. See Figure for an illustration. We use the
same window size W = 20 for both the stabilization period and smoothing to

minimize the number of parameters in our main experiments. An ablation study

on the effect of window size can be found in Appendix

3.4 Experiments

To evaluate our proposed PBGI/LogEIPC stopping rule, we design three comple-
mentary sets of experiments that progressively evaluate its performance. First,
we consider an idealized, low-dimensional Bayesian regret setting in which the
GP model exactly matches the true objective. This controlled setting allows us
to isolate the effect of different stopping rules without interference from model
misspecification and acquisition function optimization errors. Then, we move to
a higher-dimensional Bayesian regret setting where acquisition-function optimiza-
tion is imperfect. Finally, we evaluate in practical settings with objective model
misspecification, using the LCBench hyperparameter tuning benchmark and the
NATS neural architecture size search benchmark. In each case, we compare pairs

of acquisition functions and stopping rules, which we describe next.

Acquisition functions. We consider four common acquisition functions that
were discussed in Section [3.2f PBGI, LogEIPC, LCB, and TS—chosen for their
competitive performance, computational efficiency, and close connections to existing

stopping rules.

20



Baselines. We compare the proposed PBGI/LogEIPC stopping rule against sev-
eral stopping rules from prior work: UCB-LCB (Makarova et al., 2022)), LogEIPC-
med (Ishibashi et al., [2023)), SRGap-med (Ishibashi et al., 2023)), and PRB (Wilson,
2024). We also include two simple heuristics used in practice: Convergence and
GSS. UCB-LCB stops once the gap between upper and lower confidence bounds
falls below a configurable threshold 0. LogEIPC-med stops when the log expected
improvement per cost drops beneath log(n) plus the median of its initial I values.
SRGap-med stops when the gap of the expected minimum simple regret falls below
X times the median of its initial / values. PRB triggers once a probabilistic regret
bound satisfies the regret tolerance € and confidence § parameters. Convergence
stops as soon as the best observed value remains unchanged for k iterations. GSS
stops if the recent improvement is less than ¢ x IQR over the past k trials where
IQR denotes the inter-quartile range of current observations. Finally, we include
two reference baselines: Immediate, which stops right after the initial evaluation
(see Section , and Hindsight, which, for each trial, selects the stopping time
that yields the lowest cost-adjusted simple regret in hindsight, thus providing a

lower bound on achievable performance.

In our experiments, unless specified otherwise, we follow parameter values
recommended in the literature, and set ¢ = 0.01, n = 0.01, x = 0.01, I = 20,
e = 0.1 for Bayesian regret experiments, ¢ = 0.5% of the best test error for empirical
experiments, 6 = 0.05, k = 5, and ¢ = 0.01. For the stabilization and smoothing
window, we use W = 20, aligned with the initial window size I = 20 used in El-med

(Ishibashi et al., [2023]).

Each experiment is repeated with 50 random seeds to assess variability, and

we report the mean with error bars (2 times the standard error) for each stopping
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rule. Each trial, in the sense of a run with a distinct random seed, is capped at a
fixed number of iterations; if a stopping rule is not triggered within this limit, the

stopping time is set to the cap. Details are provided in Appendix [B.2]

3.4.1 Bayesian Regret

We first evaluate our PBGI/LogEIPC stopping rule on random functions sampled
from prior. Specifically, objective functions are sampled from Gaussian processes
with Matérn 5/2 kernels with length scale 0.1, defined over spaces of dimension
d =1 and d = 8. We consider a variety of evaluation cost function types, including
uniform costs, linearly increasing costs in terms of parameter magnitude, and

periodic costs that vary non-monotonically over the domain.

In the 1-dimensional experiments, we perform an exhaustive grid search over
[0, 1] to isolate the effect of stopping behavior from numerical optimization. In
the 8-dimensional setting, due to instability from higher dimensionality, we apply
moving average with a window size of 20 when computing the PBGI/LogEIPC
stopping condition. See Figure [B.1] in Appendix [B.2] for an illustration. More

details on our experiment setup, and computational considerations are provided in

Appendices and [B.3

Figure [3.2] shows a comparison of cost-adjusted regret for pairings of acquisition
functions and stopping rules under different cost-scaling factors A = 0.1,0.01,0.001
in the 1-dimensional setting, and under different cost regimes (uniform, linear,

periodic) in 8-dimensional setting.

In the 1-dimensional setting, the optimization problem is relatively straight-

forward and all acquisition functions have nearly identical hindsight optima, inde-
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pendent of cost scale or cost type. From the plots, our PBGI/LogEIPC stopping
rule, when paired separately with the PBGI and LogEIPC acquisition functions,
delivers competitive performance for each A, and is particularly strong in handling

high-cost scenarios—those with large .

In the 8-dimensional experiments, however, clear gaps emerge. Under uniform
and linear costs, PBGI, LogEIPC, and LCB exhibit similar hindsight optima,
substantially better than TS, while in the periodic case, PBGI and LogEIPC
achieve much better hindsight optima than LCB and TS. In every cost regime,
combining our stopping rule with the PBGI or LogEIPC acquisition function yields

cost-adjusted regret that nearly matches the hindsight optimal.

This demonstrates that our PBGI/LogEIPC stopping rule is relatively robust
to the increased optimization difficulty. Further discussions of our experiments

across multiple cost types and cost-scaling factors can be found in Appendix

3.4.2 Automated Machine Learning Benchmarks

We then evaluate on two empirical automated machine learning benchmarks based
on use cases from hyperparameter optimization and neural architecture search:
LCBench (Zimmer et al., 2021) and NATS-Bench (Dong et al., 2021). Unless
otherwise specified, results in this section assume a known cost function; results

under the unknown-cost setting are provided in Appendix

LCBench (Zimmer et al., 2021) provides training data of 2,000 configurations
over a 7-dimensional hyperparameter space, evaluated on 35 OpenML (Vanschoren
et al., 2014)) datasets. In the unknown-cost experiments, the cost is the full 51-epoch

training time. For the known-cost setting, we observe that training time scales
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Figure 3.2: Cost-adjusted simple regret across acquisition-stopping rule pairs in 1D
and 8D Bayesian regret setting. In 1D, objective functions are sampled from a GP
with a Matérn-5/2 kernel and a linear cost function scaled by A = 0.1,0.01,0.001.
The Immediate baseline is omitted at A = 0.001 due to its much higher regret
(mean 0.6942, error bar [0.5314, 0.8570]). In 8D, objective functions are also drawn
from a GP with a Matérn-5/2 kernel, using three cost functions scaled by A = 0.01.

approximately linearly with the number of model parameters. Based on a linear

regression fit (see Appendix [B.2)), we adopt ap as a proxy for training time, where p

is the number of model parameters and « is a dataset-specific estimated coefficient.

NATS-Bench (Dong et al., 2021)) provides a search space of 32,768 neural
architectures varying in channel sizes across layers, evaluated on three datasets. As
in LCBench, we similarly approximate the full 90-epoch (training and validation)

runtime using a linear function aF' + 3 of the number of floating point operations
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F'; see Appendix for details.

We report the mean and error bars (2 times standard error) of the cost-adjusted
simple regret, where we consider the evaluation costs to be some representative
cost-scaling factor A (see Section multiplied with cumulative runtime. Simple
regret is computed as the difference between (a) test error of the configuration
with best validation error at the stopping time and (b) the best test error over
all configurations. We present the results using proxy runtime here, and defer
to Appendix the additional results under (i) the cost model misspecification
scenario (proxy runtime used during Bayesian optimization but actual runtime
used for final performance evaluation), and (ii) the unknown-cost scenario (actual

runtime used during Bayesian optimization).

Figure [3.3| presents performance of acquisition function—stopping rule pairs
on LCBench and NATS-Bench. For LCBench, we report min—max normalized
cost-adjusted simple regret (see definition in Appendix aggregated across 35
datasets in Figure evaluated under three representatiwﬂ cost-scaling values. For
NATS-Bench, we report cost-adjusted simple regret under A = 107°, with additional

results under two other representative cost-scaling factors shown in Figures [B.1]]

to in Appendix [B.3

Per-dataset LCBench results are provided in Figures to [B.I§ in the ap-
pendix. Across the 35 LCBench tasks, around 75% show our PBGI/LogEIPC
stopping rule performing competitively when paired with either PBGI or LogEIPC.
The remaining outliers are mostly (aside from two exceptions) very small datasets

with < 10000 instances (i.e., data points) that might lead to severe model mis-

4These X values are chosen to avoid degenerate cases—neither so large that the policy stops
after only a few evaluations (e.g., A = 10~% on NATS-Bench, see Figure [B.14)) nor so small that
evaluations are effectively free.
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specification. We also report the rank frequency of our PBGI/LogEIPC stopping
rule when paired separately with the PBGI and LogEIPC acquisition functions,
evaluated on medium-to-large datasets (with > 10,000 instances) and all datasets;
see Table [3.1] A diagnosis of the underperforming datasets can be found in Ap-
pendix [B.3.3.1 where we find that the apparent underperformance is likely driven

by benchmark-intrinsic val/test mismatch rather than by the stopping rule itself.

Additional results under the cost model misspecification setting and the
unknown-cost setting are provided in Figures and in Appendix
along with comparisons between our adaptive stopping rule and fixed-iteration
baselines. Overall, our PBGI/LogEIPC stopping rule consistently performs strongly
in terms of cost-adjusted simple regret, when paired with either PBGI or LogEIPC.
We also report, in Table [B.1] of Appendix [B.3], how often each stopping rule fails to
trigger within the 200-iteration cap: baselines such as SRGap-med and UCB-LCB
often fail to stop early, particularly on NATS-Bench, whereas ours reliably stops

before the cap.

In empirical benchmarks such as LCBench and NATS-Bench, where objective
misspecification relative to the GP prior is unavoidable, our stopping rule remains
robust. When paired with PBGI, it delivers performance close to the hindsight
optimal, except on two NATS tasks with potential severe misspecification. Pair-
ing with LogEIPC is slightly less competitive, likely reflecting PBGI’s stronger
robustness under misspecification. Indeed, Figure [B.7in Appendix compares
acquisition functions under fixed-budget evaluations (without stopping) and shows
that PBGI consistently attains lower simple regret than LogEIPC. Thus, while our
stopping rule applies to both acquisition functions, the matched PBGI combination

is a particularly strong default under objective misspecification.
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Top 1 Top 2 Top 3
Large All Large All Large All

10-3 PBGI 20.0% 20.0% 70.0% 48.6% 80.0% 60.0%
LogEIPC 40.0% 31.4% 65.0% 45.7% 70.0% 62.8%

_4 PBGI 40.0% 28.6% 70.0% 51.5% 80.0% 62.9%
LogEIPC 30.0% 22.9% 50.0% 45.8% 85.0% 68.7%

_5 PBGI 50.0% 28.6% 70.0% 51.5% 90.0% 74.4%
LogEIPC 20.0% 20.0% 50.0% 48.6% 85.0% 71.5%

A Acq

Table 3.1: Percentage of LCBench tasks ranked in the Top-k (k = 1,2,3) by
cost-adjusted simple regret for among acquisition—stopping rule pairs (excluding
the hindsight stopping rule), for our PBGI/LogEIPC stopping rule paired with
LogEIPC or PBGI, evaluated on large datasets (with > 10,000 instances) and on
all datasets, for cost-scaling factor A\ € {1073,107%, 107°}.

3.5 Conclusion

We develop the PBGI/LogEIPC stopping rule for Bayesian optimization with
varying evaluation costs. Paired with either the PBGI or LogEIPC acquisition
function, it (a) satisfies a theoretical guarantee bounding the expected cost-adjusted
simple regret (Section [3.3.1), and (b) shows strong empirical performance in terms
of cost-adjusted simple regret (Section . We believe our framework can be
extended to settings involving noisy, multi-fidelity or batched evaluations, as well as
alternative objective formulations —for instance, applying a sigmoid transformation
to test error rather than a linear one, to reflect real-world user preferences that

shift sharply once error falls below a threshold.
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Figure 3.3: Cost-adjusted simple regret across acquisition function—stopping rule
pairs on LCBench and NATS-Bench. The objective is to minimize validation error
on classification tasks, with scaled proxy runtime as evaluation cost, scaled by repre-
sentative values of A (1072,1074,107° for LCBench and 10~ for NATS-Bench). For
LCBench, results are aggregated across 35 datasets using min-max normalization.
Our PBGI/LogEIPC stopping rule, when paired with either LogEIPC or PBGI,
typically ranks among the top 3 pairs and closely approaches the hindsight optimal
on LCBench and on cifar10-valid in NATS-Bench, but slightly worse on the other
two NATS datasets, likely due to model misspecification.
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Part 11

Bandit-Like Bayesian Decision
Problems with Multi-Stage Feedback

via the Markov Chain Gittins Index
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CHAPTER 4
EFFICIENT COST-AWARE LLM EVALUATION VIA BAYESIAN
BANDIT GITTINS INDICES

This chapter is based on joint work with Yueli He and Nairen Cao (Xie et al.,|2026)).

Abstract. Selecting a high-performing LLM configuration increasingly requires
comparing many candidate models, prompts, or decoding settings under limited
evaluation budgets. Exhaustively evaluating every candidate on every bench-
mark example can be expensive, and each additional query incurs costs such as
API pricing, token usage, latency, or human grading effort. We formulate this
configuration-selection task as cost-aware Bayesian bandit evaluation and propose
a Gittins index policy that treats each configuration’s benchmark performance as
latent, updates posterior uncertainty, allocates queries according to their value
of information, and provides a stopping signal. The method combines sample
efficiency with computational efficiency: after precomputing Gittins indices for
the Gaussian posterior dynamics induced by batch-mean approximations, online
allocation only requires table lookup and posterior updates, and it naturally han-
dles varying evaluation costs. Across GSMS8K, PIQA, AlpacaEval, and MMLU
response matrices, Gittins shows two clear gains: on large-example benchmarks
it outperforms configuration-level Bayesian optimization, and on large-candidate
MMLU tasks it markedly outperforms cost-unaware frequentist bandit baselines.
At its stopping point, the recommended arm often attains near-zero simple regret

after using only about 1-10% of the exhaustive evaluation cost.
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4.1 Introduction

Modern LLM evaluation is no longer a passive reporting exercise. A single evaluation
study may compare many LLM configurations, each defined by choices such as the
model, prompting technique, temperature, decoding strategy, or other inference
settings, across benchmarks such as GSM8K, PIQA, and MMLU (Cobbe et al.,
2021; Bisk et al., 2020; Hendrycks et al., 2020)). Running every candidate on every
example is simple, but often wasteful: weak candidates can be identified early,
strong candidates deserve more measurement, and different systems can have very
different inference costs. As evaluation moves from one-off leaderboards toward
recurring deployment decisions, the evaluator needs an adaptive rule for deciding

which candidate to test next and when enough evidence has been collected.

This perspective naturally suggests a bandit formulation. Prior work has used
bandit and racing ideas to accelerate language model evaluation, including fre-
quentist best-arm identification methods and variance-reduction heuristics tailored
to benchmark matrices (Zhou et al., 2025 Polo et al., [2024). UCB-E is a fre-
quentist bandit method for best-arm identification, while UCB-E-LRF augments
this allocation rule with a low-rank model of correlations in the response matrix.
We also compare with configuration-level Bayesian optimization (Snoek et al.,
2012), which evaluates each selected configuration on all benchmark examples.
These methods are compelling because they convert an offline response matrix or
benchmark dataset into an online allocation problem, where the goal is to find a
high-performing configuration under a small evaluation budget. However, many
LLM evaluation settings also contain useful prior information. Historical benchmark
results, model family metadata, pilot runs, or domain expertise can all inform

beliefs about likely performance before the current evaluation starts. A Bayesian
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formulation provides a principled way to encode such information and to update it

as new benchmark observations arrive.

Our experiments show two distinct regimes. Across many settings, the arm
recommended at the Gittins stopping point attains near-zero simple regret using
only about 1-10% of the exhaustive evaluation cost. On large-example benchmarks
such as GSMS8K, PIQA, and AlpacaEval, configuration-level Bayesian optimization
spends each query on an all-example candidate evaluation, while Gittins can
distribute partial batches and reaches low regret much earlier. On MMLU, where
each subject contains 1500 candidate model-template arms, Gittins is much stronger
than cost-unaware frequentist bandit rules because it combines posterior uncertainty,

prior information, and evaluation cost in one allocation index.

We introduce a Gittins index policy for cost-aware Bayesian bandit evaluation of
LLMs. Each arm represents an LLM configuration, its latent mean is the benchmark
score we wish to estimate, and each pull queries the configuration on benchmark
data. The evaluator observes a noisy score and pays an arm-dependent cost. The
final decision is the recommended arm, so performance is measured by the quality
of this recommendation as a function of cumulative evaluation cost, rather than by

cumulative reward during evaluation.

Our main methodological choice is to use Gittins indices for this Bayesian
evaluation problem. Under a Gaussian approximation to batch-mean benchmark
observations, the posterior mean of each arm evolves as a Gaussian random walk
whose variance decreases deterministically with the number of observations. The
resulting Gittins index is an interpretable priority score: it is high when an arm
currently looks good, remains uncertain enough to justify more measurement, and

is cheap enough to evaluate.
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Our contributions are:

e We formulate LLM evaluation from benchmark data as a cost-aware Bayesian
bandit problem in which query costs can reflect API pricing, token usage,

latency, or other evaluation costs.

e We derive a Gittins index policy under a Gaussian approximation to batch-
mean observations and show how the posterior random-walk structure enables

efficient offline index precomputation and online table lookup.

e We extend the policy to varying model costs through cost normalization,
allowing adaptive allocation to trade off information value against evaluation

expense.

e We compare against UCB-E, correlation-aware UCB-E-LRF, and configuration-
level Bayesian optimization, finding gains over Bayesian optimization on large-
example benchmarks and marked gains over cost-unaware frequentist bandits
on large-candidate benchmarks, with the stopping-time recommendation of-
ten attaining near-zero simple regret using about 1-10% of the exhaustive

evaluation cost.

4.1.1 Related Work

Efficient LLM evaluation Efficient LLM evaluation has recently been studied
as an adaptive sampling problem. Zhou et al. (2025) propose methods for speeding
up language model evaluation, including UCB-E-LRF, which exploits low-rank
structure in response matrices to share information across arms and examples. Lyu
et al. (2026)) propose SySRs, which exploits similarities among model response

vectors, while Shi et al. (2024) introduce TRIPLE, an elimination-based approach
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that combines successive halving with a linear model that predicts final arm
performance from partial evaluations. Earlier response-matrix work emphasizes
best-arm identification through the probability of correct selection at a terminal
budget. We instead evaluate recommendation quality throughout allocation via
simple regret and allow varying evaluation costs. Polo et al. (2024) propose
PromptEval for efficient multi-prompt evaluation and emphasize that evaluation
effort can be saved by exploiting structure across prompts and tasks. Our work
shares the same goal of reducing benchmark evaluation cost, but differs in its

Bayesian bandit treatment of uncertainty and its use of Gittins indices.

The Gittins Policy The Gittins index is a classical design principle for sequential
decision making under uncertainty (Gittins et al., 2011a; Scully and Terenin,
2025; Xie et al., 2024). It converts certain multi-armed allocation problems into
independent single-arm stopping problems, producing an index for each arm and
selecting the arm with the largest index. The terminal-reward formulation we
consider is closer to finite-horizon Bayesian stopping problems than to the traditional
infinite-horizon bandit objective that maximizes cumulative discounted rewards
during play: evaluation scores are measurements, while utility is obtained through
the final recommendation after paying query costs. Up to an additive best-arm
value, this trades simple regret against cumulative evaluation cost. We use the
Gittins principle as the basis for an adaptive LLM evaluation policy. The key
technical convenience in our setting is that the Gaussian batch-mean approximation
makes each arm’s posterior mean follow a Gaussian random walk, which allows

efficient precomputation of the index schedule.

64



4.2 Cost-Aware LLM Configuration Recommendation

4.2.1 Candidate Configurations, Examples, and Latent Per-

formance

We consider an evaluation study with K candidate LLM configurations, indexed
by k€ {1,..., K}. A candidate configuration may correspond to a model, prompt,
decoding configuration, retrieval pipeline, or any other deployable system whose

benchmark performance is to be estimated.

A benchmark supplies a finite collection of examples, but the policy does not
need to condition on the identity of a particular example. Let Zj; denote the
primitive score obtained by evaluating configuration £ on example j. We model
these example-level scores as samples from a configuration-specific distribution
with latent mean 6,. In a finite response matrix, this is the population-model
approximation to randomized sampling without replacement from the corresponding
row. Adaptive evaluation reveals only selected scores from these potential outcomes.
The score may be a bounded accuracy score, a normalized human or LLM-judge
score, a task-level utility, or another scalar evaluation outcome. Binary correctness
is a common special case, where Z; ; € {0, 1} indicates whether the model answered

the example correctly.

The evaluator’s goal is to recommend a configuration with large latent mean 6,
while spending as little evaluation cost as possible. Each allocation to configuration
k incurs a cost ¢, > 0, or an effective cost after rescaling raw monetary or com-
putational costs into the same utility units as benchmark performance. In LLM
evaluation, cost can be tied to API pricing through input-token and output-token

charges, and may also include latency, local compute, or human grading effort. Prior
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efficient-evaluation work is often cost-unaware in this sense: BanditEval (Zhou et al.,
2025)) considers UCB-E (Audibert and Bubeck, [2010), a frequentist bandit method
for best-arm identification, together with UCB-E-LRF, its low-rank response-matrix
variant, and both treat evaluations as unit-cost allocations. TRIPLE (Shi et al.,

2024)) and PromptEval (Polo et al., |[2024) similarly focus on the special case ¢ = 1.

4.2.2 Adaptive Evaluation and Recommendation

At global time ¢, an adaptive evaluation policy 7 can depend on the history
Ht = {([sayjsacls) : S S t} (41)

Here I, € {1,..., K} is the configuration selected at step s, and Y, denotes the
scalar observation returned by that allocation step; it may be a single example-level
score Zp, ; or a batch average of several such scores. We use the term policy broadly:
7 includes the rule for selecting the next configuration I;, the rule for deciding
whether to stop at an endogenous stopping time 7', and the final recommendation
rule that outputs kr € {1,..., K} from the observations collected so far. In fixed-
budget experiments, the stopping rule is replaced by the budget constraint, but

the same policy still produces an anytime recommendation after each step.

When a finite per-configuration evaluation horizon is imposed, a configuration
is completed once it reaches that horizon. The stopping and recommendation rule
then specifies whether evaluation should continue or terminate based on the current

configuration states and posterior beliefs.
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4.2.3 Objectives

We consider two cost-aware formulations. The first is the fixed-cost-budget ob-
jective. Unlike reward-maximization problems that optimize cumulative rewards
from the configurations selected during evaluation, the observed scores here are
measurements of benchmark performance. The payoff is the quality of the terminal
recommendation, so this objective is finite-horizon and undiscounted. For a budget
C, the policy is evaluated by minimizing simple regret subject to the cumulative

evaluation cost remaining within budget:

T
mgn E. [m}gx Or — 0, | subject to Z cr, <C. (4.2)

s=1

Because 6y, is latent, experiments with completed response matrices report regret

using the finite-matrix row mean
1N
mat __ E .

as a plug-in proxy for #,. This lets us compare adaptive policies using only the
entries they reveal online while still measuring regret against the best configuration

in the completed benchmark matrix.

The second formulation lets the terminal time be adaptive rather than fixed in

advance. For a stopping time 7', the objective is

0, — Zch] : (4.4)

If raw costs ¢, are measured in dollars, seconds, or tokens, we write ¢, = A¢;, for a

E

cost scale A that converts them into benchmark-score units. This objective trades
final recommendation quality against the cumulative cost of the measurements used

to make that recommendation.
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4.3 Gittins Index Policy for Cost-Aware Bayesian Evaluation

Our goal is to adaptively estimate the mean benchmark performance of each
candidate LLM configuration while accounting for varying evaluation costs. From
this section onward, we use the standard Bayesian bandit term arm for a candidate
configuration: arm k is configuration k, A; denotes the arm selected at global
allocation step t, one pull evaluates that configuration on one example or a batch of
examples, and 6, is its latent mean score. In our implementation, one allocation to
an arm returns the average score over a batch of randomized benchmark examples,
and we treat this batch average as a noisy measurement of the arm’s latent

performance.

The algorithm has two components. First, it maintains a Bayesian posterior
distribution over each arm mean and updates that posterior after every observed
batch average. Second, it uses a cost-aware Gittins index to decide which arm is
worth measuring next. The index is high when an arm currently looks promising,
remains uncertain enough that new evidence could change the final recommendation,
or is inexpensive to evaluate. The policy stops when an arm attaining the largest
Gittins index has reached the finite evaluation horizon, and then recommends
a completed arm with the largest posterior mean. Figure summarizes how
posterior beliefs, Gittins indices, benchmark batches, and the response matrix

interact over one iteration of this loop.

4.3.1 Bayesian Bandit Model

We use the Bayesian bandit model as a way to update beliefs about the latent

benchmark mean 6, of each arm. This differs from frequentist allocation rules
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Gittins Index Policy Response Matrix
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Figure 4.1: Overview of the proposed Gittins-index evaluation framework. The
policy maintains posterior beliefs over candidate LLM configurations, computes
Gittins indices to adaptively select the next arm batch to evaluate, observes
benchmark responses from the response matrix, and updates the posterior iteratively
until the evaluation budget is exhausted or a stopping condition is met.

such as UCB-E, which build confidence bounds from empirical estimates. Here the
evaluator starts with a prior belief, observes benchmark evidence, and converts

that evidence into a posterior belief about each 6.

After n local pulls of arm k, let Dy, denote the observations collected from that
arm. The posterior distribution given Dy, ,, summarizes the current belief about 6y.
If evaluation stops, the posterior expected reward from recommending arm k is its

posterior mean pig,, = E[fx | Dy.], so the recommended arm is arg max;, (i », -

A pull may evaluate one example or a batch of examples. Following the notation
in Section let Z ; be the example-level score for arm k on example j. If the
tth pull of arm k evaluates batch By, of size B, the scalar observation used for
posterior updating is the batch mean

— 1
JEBy,;i

The batch mean has conditional mean 6. Let 77 denote its conditional variance,
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so that, by the central limit theorem, Y, | ) is approximately N (0, 73) as a
Gaussian approximation. In the common binary-accuracy case, 72 = 0(1 — 6;)/B.
For simplicity and efficient index computation, we use a fixed approximation 72 to

the batch-mean variance; Section [4.3.4] describes this choice.

We use the Gaussian prior-likelihood approximation
9k ~ N(Mo, Uo), ?k,i | 9k ~ N(@k, 7'2), (46)

where 72 is the fixed observation-noise variance in the likelihood. To state the
update compactly, fix a representative arm and suppress the arm index, writing 6,

Dy, fin, Un, and Y 1. The posterior after n local pulls is
0 | Dy, ~ N(Mm Un)7 (4‘7)

with update

v = (o 477

Up, —
m(yn—l—l - Mn)-

When Eq. (4.8) is applied to arm & in Algorithm |1} the symbols are read as .

(4.8)
Hn+1 = HUn +

Ugm, and Yy 1. Under fixed 72, the variance schedule for this representative arm
is deterministic. In particular, the one-step variance reduction is
2
UTL

Uy + 72

(4.9)

Up — Upy1 =

Thus arms share the same variance schedule at a given local pull count only when
they also share the same initial variance vy and fixed noise 72; with arm-specific
prior variances or noise levels, the same update gives arm-specific deterministic
schedules. The next step is to use these posterior updates not only to summarize

current evidence, but also to decide which arm should be evaluated next.
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4.3.2 Posterior Dynamics and the Gittins Policy

The posterior update also tells us what could happen to an arm’s posterior mean if
we evaluate it again. Let S,, denote the posterior mean of a representative arm after
n local pulls, viewed as a random variable over future observations. Conditional on

the current realized state S,, = s, selecting the arm gives

Sui1 | Sp =5~ N<s, %”T’%TZ) . (4.10)
Fix a finite per-arm horizon H, measured in local pulls, so that an arm is completed
after H batch evaluations. The arm state is therefore (S5,,,n): the posterior mean
follows a Gaussian random walk, while the posterior variance is determined by the
local pull count. Selecting an arm changes only that arm’s state and incurs its
evaluation cost; an arm with n = H is completed and becomes eligible for terminal

recommendation. This separation lets us compare arms through single-arm index

values.

To define the index, fix one arm with posterior-mean state S,, = s, query cost c,
and remaining horizon H — n. Let a denote the outside terminal reward available
from the other arms. Before the arm reaches H, the local actions are CONTINUE,
which evaluates the arm once more, and STOP, which declines this unfinished arm
in favor of the outside value . Suppressing the fixed cost ¢ in the value-function
notation, the terminal value is

Vi (s; o) = max{s, a}, (4.11)
and, for n < H,
Q" (si0) = —c+ E[Vis1 (Spari @) | S = 5],
Qi*(s:) = a 412)

Vi(s; ) = max{ Q"™ (s; ), @ (s5.0) }.
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Here Q™ is the Q-value function for evaluating the arm one more time, while
QP is the value of declining this unfinished arm in favor of the outside reward.
For n < H and cost ¢, the Gittins index is the smallest outside reward at which

stopping is optimal in this local problem:
G¢(s) = inf{a € R: QP (s;a) > Q™ (s;)}. (4.13)

An arm receives a large index when its posterior mean is high, its uncertainty

creates value of information, or its evaluation cost is low.

At global time ¢, let ng(t) be the number of batches observed from arm k. For

an unfinished arm, set
Grye = GZ’;(t)(Mk,nk(t))' (414)

A completed arm has terminal index Gj; = g p. Under required completion,
if an arm attaining maxy Gy, is completed, the policy stops and recommends a
completed arm with the highest posterior mean among completed arms; otherwise,
it evaluates an unfinished arm with largest index. This is the stopping rule used

for the Gittins stopping markers in our experiments.

Markov-chain selection applies because the Gaussian random walk is a Markov

chain (Dumitriu et al., 2003b; Scully and Terenin, 2025]).

Proposition 8 (Bayesian optimality under required completion). Consider the
Gaussian Bayesian bandit model in Section [4.3.1] with independent arms, common
prior N'(jo, vo), fived observation noise T2, finite per-arm horizon H, and nonneg-
ative effective costs of arm pulls ¢ for arms k = 1,..., K. Let II};* be the class
of policies that evaluate only unfinished arms and may terminate only by recom-

mending an arm that has reached its finite horizon. For the required-completion
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objective

sup E;

req
melly

T
O, — > cAt] , (4.15)
t=1

an optimal policy is to assign terminal index Gy = pu. g to completed arms, assign
Gy = G:L];(t) (Wi (t)) to unfinished arms, and stop when an arm attaining maxy G4
1s completed. Otherwise, the policy evaluates an unfinished arm with largest Gittins
indexr Gy,. At stopping, an optimal recommendation is any completed arm with
largest posterior mean among completed arms, equivalently any completed arm with

largest terminal index.

The proof is deferred to Appendix [C.1.2]

4.3.3 Efficient Gittins Index Computation

We next describe how the index values used in the previous subsection are efficiently
computed. The definition above suggests a dynamic program over both the posterior-
mean state s and the outside reward «. Solving such a program at every online
decision would be too expensive. We make the computation practical with three
reductions. First, translational invariance converts the two-dimensional continuation
value into a one-dimensional dynamic program over the advantage s — . Second,
under fixed observation noise, the posterior-variance schedule is deterministic, so the
resulting root schedule can be precomputed once for each cost and variance schedule.
Third, the Gaussian expectations in the dynamic program are one-dimensional

convolutions and can be evaluated efficiently offline.

Lemma 9 (Translational invariance of the continuation value). Fiz the cost ¢ and

Gaussian random-walk transition. For any shift 8 € R and any stage n < H,

Q™ (s + B+ B) = Q™ (s;a0) + . (4.16)
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Corollary 10 (Centered continuation value). Let © = s — « and define g,(z) =

Q™ (x;0). For anyn < H,
Q" (s10) = gu(s — a) +a. (4.17)

Thus evaluating the unfinished arm is worthwhile exactly when g,(s — «) > 0.

The proof of Lemma [ and Corollary [I0] is included in Appendix [C.1.3

By Corollary [10}, only the posterior-mean advantage * = s — a matters. Let

W, (x) := V,(z;0), then the centered recursion is

Wy (z) = max{x,0},
W, (x) = max{0, ¢,(x)}, (4.18)
@n(2) = —c + E[Wpi1(Xps1) | Xy = 2],
where X, 11 | X,, =z ~ N (z,v2/(v, + 7%)) and the second line applies for n < H.
Let r, denote the root of the continuation value such that ¢,(r,) = 0. Then

evaluating an unfinished arm is worthwhile exactly when s — a > r,. Equivalently,

the index can be evaluated by

Gi(s) = s —p. (4.19)

n

For each distinct tuple (c, vy, 72, H), offline computation stores the root schedule

{Tn(C, Vo, 7_27 H) a1 (420)

n=0 *

The fixed-noise approximation makes this lookup table reusable: arms with the
same effective cost, prior variance, observation noise, and horizon share the same
schedule. The conditional expectation in (4.18) is a Gaussian convolution on a

one-dimensional grid, which we compute offline; our implementation accelerates
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this step with FFT-based convolution. Online allocation is then inexpensive: each
decision requires only posterior updates, table lookups, and index comparisons.
For a finite benchmark with N examples, H = N for single-example pulls and

H = [N/B] for batches of size B.

See the FFT-based dynamic program in Chapter [3 Section particularly
(5.23), and the detailed derivation in Appendix @, Section .

4.3.4 Design Choices for LLM Benchmarks

Prior specification. For accuracy-style benchmarks, the latent mean lies in
[0, 1], so the prior can be chosen directly on the accuracy scale. A general choice is
N(0.5,0.04): its mean expresses no preference between low and high accuracy, and
most prior mass lies in the plausible interval [0.1,0.9]. When benchmark- or dataset-
specific knowledge is available, we can instead use an informative common prior
whose mean and variance are estimated from related tasks, historical evaluations,
or pilot examples. Unless otherwise stated, all arms within a benchmark share
the same prior so that the comparison focuses on adaptive allocation rather than

arm-specific prior information.

Observation noise. For batched binary correctness observations, the empirical
batch mean has variance 0;(1 — ;)/B. Batching also has a practical systems
benefit: examples in a batch can often be evaluated in parallel, reducing wall-clock
latency, a motivation also noted by Zhou et al. (2025). Since 6} is unknown, we use
the conservative fixed-noise approximation 72 = 1/(4B), the worst-case Bernoulli
variance divided by the batch size. This choice is deliberately simple and can

overestimate the noise for very easy or very hard tasks, but it has a computational
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advantage: the posterior variance schedule becomes deterministic, so the Gittins
root schedule can be precomputed once and reused by all arms with the same
cost, prior variance, noise level, and horizon. More adaptive alternatives include
plug-in noise 73, & fir+(1 — i)/ B or estimates from pilot examples and historical
response matrices; these require additional index computation because the variance

schedule can depend on the arm’s evolving state.

Cost scaling. Costs must be expressed in the same utility scale as benchmark
performance. In API-based evaluation, raw cost may be computed from provider
pricing, input-token counts, and output-token counts; for local models, latency or
compute can be used as a proxy. If the scale A is small, the policy explores more
aggressively; if it is large, the stopping rule becomes conservative. We therefore

study cost-scaling factors in addition to raw inference-cost ratios.

Recommendation and reporting. The Gittins index is used for allocation and
for the optional required-completion stopping rule. Under that stopping rule, the
policy stops once an arm attaining the largest current Gittins index has reached
horizon H. Its terminal output is restricted to completed arms: it chooses the
completed arm with the largest posterior mean. If no completed arm has the largest
index, the policy evaluates an unfinished arm with largest Gittins index. This

matches the required-completion formulation in Proposition [§]

The simple-regret curves use a different anytime reporting convention. At every
allocation step, including steps before any arm is completed, we report the arm

with the largest current posterior mean among all arms,

k, € arg Max [l n, (¢)- (4.21)
k=1,...K
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Thus an unfinished arm can be the recommendation used to compute the plotted
simple regret. The completion restriction above applies only to the required-
completion stopping rule and its terminal recommendation; in the experiments, the
dashed Gittins stopping markers indicate where that rule would stop, while the
regret curve itself is computed using the all-arm posterior-mean recommendation

at each time.

Algorithm [I] summarizes the implementation. When early stopping is disabled,
the algorithm ignores this stopping condition and continues until the budget is

exhausted, unless all arms have reached the horizon.

4.4 Experiments

Benchmarks. We evaluate adaptive allocation policies using completed LLM
response matrices built on four standard benchmarks: GSMSK for grade-school
mathematical reasoning (Cobbe et al., 2021), PIQA for physical commonsense
reasoning (Bisk et al., [2020), AlpacaEval for instruction-following quality (Li et al.,
2023b)), and MMLU for multitask knowledge and reasoning (Hendrycks et al.,
2020). The benchmark examples define the evaluation tasks, while the observed
scores come from existing response-matrix datasets. GSM8K and PIQA use the
various-LLM and sampling-configuration response matrices from BanditEval (Zhou
et al., [2025)): GSMS8K contains 122 arms and 1000 examples, while PIQA contains
103 arms and 1000 examples. AlpacaEval uses an AlpacaEval 2.0 pairwise score
matrix over 153 leaderboard models and 805 instructions; entries are continuous
scores in [0, 1] rather than binary correctness values. MMLU uses response matrices
from DOVE (Habba et al., 2025) across 57 subject datasets. For each subject, we

evaluate 15 models with 100 prompting templates; each arm is a model-template
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Algorithm 1 Gittins index evaluation for a Bayesian bandit

Require: Prior mean and variance (ug,vg), raw costs {¢x }5_,, cost scale \.
Require: Observation noise 72, batch size B, horizon H, and budget.

1: Set ¢, = A¢, for all arms k.

2: Precompute {r,(c, vy, 72, H)}-} for each needed cost c.

w

10:

11:
12:
13:
14:
15:
16:
17:
18:
19:

20:
21:
22:

Initialize posterior mean p o = o, posterior variance v, = vp, and count
nk(0) = 0 for all k; set t = 0.
Set ko € argmaxy, fix,o as the recommendation by posterior mean.
while budget remains do

if ny(t) = H for all arms k then

return l%t.

end if

For completed arms (n;(t) = H), set terminal index Gy; = g 1.

For unfinished arms (ng(t) < H), set continuation index Gy, = G ) (i (1))-

if early stopping is enabled then
if an arm in argmax; Gy, is completed then
return arg maxy.,, )—p [k, H-
end if
end if
Select arm A; € argmaxy,,, ;<g G-
Observe batch mean Y Avna, (£)+1-
Update (p4,,.,va,.) using Eq. (4.§).
Set na,(t+ 1) = na,(t) + 1, set n;(t+ 1) = n;(t) for all j # A;, and set
t+—1t+1.
Set, /Aft € argmaxy, [lyn,(¢) as the recommendation by posterior mean.
end while
return I%t.

pair, giving 1500 arms per subject.

For MMLU, we further group subjects by their empirical mean arm quality. This

gives a natural notion of subject difficulty: if the average arm accuracy is high, then

the subject is relatively easy for the collection of evaluated models and prompting

templates; if the average arm accuracy is low, then the subject is relatively hard.

We use this criterion to divide MMLU subjects into easy, medium, and hard groups.

More details and analysis of the datasets can be found in Appendix [C.2]
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Baselines. We compare two versions of the proposed Gittins index policy with
UCB-E, a classical frequentist bandit method for best-arm identification (Audibert
and Bubeck, 2010), UCB-E-LRF, the low-rank-factorization variant used for faster
language model evaluation by Zhou et al. (2025), SySRs, a bandit method based on
successive rejection that exploits similarities among model response vectors (Lyu
et al., [2026), and configuration-level Bayesian optimization baselines using PBGI,
LogEI, and its cost-aware variant, LogEIPC. PBGI is inherently cost-aware. We
abbreviate UCB-E-LRF as LRF in figures and captions. Gittins-G denotes Gittins
with the general prior, while Gittins-S selects a shared data-specific prior for each
dataset or MMLU subject from four difficulty buckets: easy N(0.75,0.01), medium
N(0.6,0.02), hard N'(0.4,0.02), and very hard A(0.2,0.01). The exact assignments
are listed in Table [C.5] UCB-E and UCB-E-LRF represent frequentist allocation
rules that do not explicitly encode Bayesian priors or Gittins index stopping values.
When a baseline includes a random initialization phase, the percentage refers to
the sampling unit: for arm-level initialization, 5% means sampling 5% of arms
uniformly at random and evaluating each sampled arm on all benchmark examples.
For BanditEval’s UCB-E-LRF warm-up, the default is entry-level and samples
Ty = 0.05K N arm—example entries from a K-arm, N-example response matrix

before active selection.

Evaluation metric. The primary metric is simple regret as a function of the eval-
uation resources used. After allocation step ¢, each policy reports a recommendation
l%t, the arm with the highest current estimate of benchmark performance. Given the
completed response matrix, we compute simple regret SR; = max;, ;" — katat using
the finite-matrix target in Eq. . We plot this simple regret against cumulative

example evaluations M; = 22:1 bs in the unit-cost setting, where b, is the number
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of examples evaluated at step s. In the cost-aware setting, recalling that ¢; denotes
the per-example evaluation cost of arm k£, the allocation at step s costs bsca,; we
therefore plot simple regret against cumulative evaluation cost C; = Zzzl bsca,.
For configuration-level Bayesian optimization baselines, one query evaluates a con-
figuration on all benchmark examples and consumes its corresponding all-example

evaluation cost.

Experimental conditions. For each benchmark, we consider both unit-cost
and cost-aware settings. In the unit-cost setting, every batch has the same cost,
isolating the effect of adaptive statistical allocation. In the cost-aware setting,
batch costs reflect model-specific evaluation expense, so the policy must trade off
information value against heterogeneous inference cost. Configurations that use
the same base model share the same model-level token price, with task-specific

input /output accounting described in Appendix .

For the bandit methods, we set the fixed evaluation budget to 10% of the
resources required for exhaustive evaluation: 10% of the response-matrix entries
in the unit-cost setting and 10% of the total exhaustive evaluation cost in the
cost-aware setting. UCB-E and UCB-E-LRF are run to this fixed budget, following
the BanditEval protocol of Zhou et al. (2025)); for the Gittins variants, we also report
where the Gittins stopping rule from Section would terminate. The Bayesian
optimization baselines follow a configuration-level protocol, where evaluating one
candidate on all benchmark examples reveals its aggregate score and consumes that
configuration’s all-example evaluation cost. They use a random-initialization phase
capped at 5% of the configurations, followed by acquisition-driven selection under
the same nominal 10% budget fraction; cost-aware Bayesian optimization runs

stop before exceeding the 10% exhaustive-evaluation-cost budget. For the main
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GSMS8K, PIQA, and AlpacaEval plots, UCB-E and Gittins use batch size B = 8§,
while UCB-E-LRF uses B = 32. For the main MMLU aggregate plots, the small
size bucket (at most 150 examples) uses B = 2 and the large size bucket (more
than 400 examples) uses B = 8 for UCB-E and Gittins, while UCB-E-LRF uses
B = 32. The medium-size bucket, full subject-level MMLU results, and batch-size

ablations are included in the appendix.

Reporting. The main results report simple-regret curves for GSM8K, PIQA, and
AlpacaEval under unit-cost and cost-aware evaluation. Each curve compares the
Gittins variants, UCB-E, UCB-E-LRF, SySRs, and Bayesian optimization baselines
on the same response matrices. Unless otherwise stated, shaded bands denote one
standard error of the mean across repeated runs. Figure presents these main
curves. Figure summarizes the corresponding MMLU trends. Dashed vertical
markers indicate average stopping locations when available: for Gittins, these
correspond to the Gittins stopping rule; for Bayesian optimization, they correspond
to the Bayesian optimization budget or acquisition stopping point. These markers
are distinct from the fixed 10% budget used for UCB-E and UCB-E-LRF. In the
main figures, the z-axis reports the percentage of the exhaustive evaluation budget
consumed in the unit-cost or cost-aware setting, while the y-axis shows raw simple
regret. Appendix [C.4] reports the MMLU unit-cost and cost-aware curves, common-
prior, batch-size, and cost-scaling ablations, together with descriptive plots of the

latent accuracy distribution for each MMLU prior bucket.

Implementation details. For the Gittins index policy, root schedules are pre-
computed for the common prior variance, noise, batch size, horizon, and cost scale

used in each condition. During evaluation, the policy updates posterior means
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Figure 4.2: Main GSMS8K, PIQA, and AlpacaEval results. The top row shows
unit-cost evaluation and the bottom row shows cost-aware evaluation; simple
regret is plotted against the percentage of the corresponding exhaustive evaluation
budget consumed. UCB-E and Gittins use batch size B = 8, while LRF uses
B = 32. Each GSM8K and PIQA panel averages over 100 independent runs (5
ground-truth matrices x 20 randomized trials); AlpacaEval panels average over the
available response matrix and randomized trials. Shaded bands denote 41 standard
error. Bayesian optimization curves are shown after the 5% configuration-level
random-initialization phase. Dashed vertical lines show mean stopping locations
when available: for Gittins, when the index-based stopping rule first triggers;
for Bayesian optimization, the recorded Bayesian optimization stopping point.
These large-example benchmarks show the main advantage over configuration-level
Bayesian optimization: Gittins-S enters the low-regret regime early under both
cost settings, while Bayesian optimization lags because all-example configuration
evaluations leave little room for acquisition-driven improvement under the same
budget fraction. Gittins-S also reduces simple regret faster than SySRs and enters
the low-regret regime earlier across these panels. Gittins-G is also competitive,
though its cost-aware GSM8K curve shows larger early variation before converging.

and variances using the Gaussian approximation in Section [£.3.1] Because online
allocation only requires posterior updates and root-table lookup after this offline pre-

computation step, the total runtime of the Gittins variants remains close to UCB-E

and much smaller than UCB-E-LRF; Figures|C.11]and [C.12in Appendix report

runtime comparisons. The Bayesian optimization baselines operate on converted
configuration-level inputs: after the random-initialization phase, they fit a mixed
Gaussian-process model to the observed configurations and select the next configu-
ration using the corresponding acquisition function. We implement these baselines

in BoTorch using Gaussian processes with categorical kernels, encoding BanditEval
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Figure 4.3: Aggregate MMLU results by subject size and difficulty. Columns show
the easy—small, easy-large, hard-small, and hard-large buckets; the top row shows
unit-cost evaluation and the bottom row shows cost-aware evaluation. Simple regret
is plotted against the percentage of the corresponding exhaustive evaluation budget
consumed. For UCB-E and Gittins, the small size bucket uses batch size B = 2
and the large size bucket uses B = 8; LRF uses batch size B = 32. Each panel
averages over all subjects in the size—difficulty bucket and 20 independent runs per
subject. Shaded bands denote +1 standard error. Bayesian optimization curves are
shown after the 5% configuration-level random-initialization phase. Dashed vertical
lines show mean stopping locations when available: for Gittins, when the index-
based stopping rule first triggers; for Bayesian optimization, the recorded Bayesian
optimization stopping point. These 1500-arm tasks show the main advantage over
cost-unaware frequentist bandits: Gittins-G and Gittins-S usually enter the low-
regret regime earlier than UCB-E and LRF, especially in the cost-aware and harder
buckets. Across both cost settings and all four size—difficulty buckets, Gittins-S also
reduces simple regret faster than SySRs and enters the low-regret regime earlier.

configurations for GSM8K and PIQA by four categorical coordinates and DOVE
configurations for MMLU by two categorical coordinates. For GSM8K and PIQA,
we average over five response matrices, reflecting LLM output randomness, and
run 20 randomized algorithm trials on each matrix; for AlpacaEval, we run the
same randomized trials on the available response matrix. For MMLU, we run 20
randomized algorithm trials for each subject and aggregate over the subjects in

each reported bucket.
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Main findings. The results show that the Gittins-based policies reduce simple
regret rapidly in the low-budget regime; in many settings, the arm recommended at
the Gittins stopping point attains near-zero simple regret after only about 1-10% of
the exhaustive evaluation cost. On GSMS8K, PIQA, and AlpacaEval, each candidate
has hundreds or 1000 benchmark examples, so the main separation is between
Gittins and configuration-level Bayesian optimization. Bayesian optimization
is less competitive because each configuration-level query consumes a full row
of the response matrix; under the same 10% budget fraction, the 5% random-
initialization phase already uses a substantial part of the Bayesian optimization
budget, leaving relatively few acquisition-driven updates. This effect is especially
visible on AlpacaEval, where the Bayesian optimization curves remain at noticeably
higher regret than Gittins over much of the budget. Gittins can instead allocate
partial batches across configurations and reach low regret early under both unit-cost

and cost-aware evaluation.

The MMLU aggregate results show the large-candidate regime. Each MMLU
subject has 1500 model-template arms, so the policy must search over a much
larger candidate set than in GSM8K or PIQA. Here the main comparison changes:
Gittins, especially Gittins-S, is markedly stronger than the cost-unaware frequentist
bandit baselines UCB-E and UCB-E-LRF, which spread a fixed budget across many
arms without using priors or cost-normalized index values. Notably, UCB-E-LRF
has substantially higher simple regret than standard UCB-E across the MMLU
aggregates. This agrees with the broader empirical finding of Lyu et al. (2026)
that UCB-E-LRF usually underperforms UCB-E. Bayesian optimization remains
competitive on small and easy tasks, where all-example configuration evaluations
are relatively cheap. These results suggest that when the number of available

examples per configuration is small, configuration-level Bayesian optimization may
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be preferable because the low cost of a full configuration evaluation reduces the
benefit of fine-grained bandit allocation. Across the reported size—difficulty buckets,

however, the Gittins variants typically reach low regret earlier.

The Gittins stopping locations usually appear after the Gittins regret curves
have flattened, suggesting that the rule stops once a completed arm is also the most
valuable arm under the index comparison. These stopping points are generally
earlier than the Bayesian optimization budget stop and earlier than the 10% fixed-
budget endpoint used for UCB-E and UCB-E-LRF in BanditEval (Zhou et al.,
2025). On larger response matrices, the stopping point can occur after using
around 1% of the resources required for full response-matrix evaluation, giving a
large reduction in evaluation effort while preserving the low-regret recommendation

reached by the curve.

The comparison between Gittins-G and Gittins-S highlights the role of prior
calibration. Gittins-S tends to benefit from data-specific priors, especially on harder
MMLU groups where the prior mean is better aligned with the latent accuracy
range and early allocation decisions are more consequential. At the same time,
Gittins-G remains competitive in several easier or smaller settings, suggesting that
a general prior can be sufficient when many arms have similar high accuracies or
when regret becomes small quickly. Overall, the results suggest that data-specific
priors are useful, but their mean and variance should be calibrated carefully rather

than assumed to be uniformly beneficial across all task difficulties.
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4.5 Conclusion

We formulated LLM evaluation as cost-aware Bayesian bandit evaluation and
implemented it with a practical Gittins index policy. The empirical takeaway is
simple: Gittins outperforms configuration-level Bayesian optimization on large-
example benchmarks such as GSMS8SK, PIQA, and AlpacaEval, and markedly
outperforms cost-unaware frequentist bandit methods when the candidate set is
large, as in MMLU. When the number of available examples per configuration is
small, however, configuration-level Bayesian optimization may be preferable because
a full configuration evaluation is relatively inexpensive, reducing the benefit of
fine-grained bandit allocation. After index precomputation, the policy is lightweight,
handles heterogeneous evaluation costs, and provides a stopping signal once regret

has flattened.
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CHAPTER 5
BAYESIAN-OPTIMAL DECISION-MAKING UNDER COST-AWARE
MULTI-STAGE FEEDBACK VIA THE GITTINS INDEX

This chapter is based on ongoing joint work with Theodore Brown, Ziv Scully, and

Alexander Terenin.

Abstract. We study a class of bandit-like decision problems, under a Bayesian
formulation, where information about the optimal action is revealed gradually
over multiple stages, with each stage incurring a cost. In our setting, one can
characterize the Bayesian-optimal algorithm, and show that it makes decisions by
optimizing the Gittins index associated with each action. However, the Gittins
index is only known to be computable for a very limited class of models, such as
finite-state Markov chains, which has limited its practical use. In this work, we
develop practical numerical algorithms for Gittins-index-based decision-making, by
giving an efficient algorithm for computing Gittins indices of Gaussian state-space
models—a broad class of multi-stage continuous-state models suitable for a large set
of applications. This is achieved by using Gaussianity to reduce the n-dimensional
case to the one-dimensional case, which we then solve efficiently using a dynamic
program for the associated optimal stopping problem, where each step involves a
fast Fourier transform. We evaluate the resulting Gittins index algorithm through
synthetic Bayesian-regret experiments in the model-matched setting, isolating the

regime where the modeling assumptions and optimality guarantee apply.
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5.1 Introduction

Many real-world problems of decision-making under uncertainty involve situations
where information about an action’s value is revealed gradually over a series of
stages, each of which involves paying costs. In such problems, the key explore-
exploit tradeoff is how to balancing the value of knowing how well an action will

ultimately perform against the costs of obtaining this information.

These decision-making problems involving multi-stage feedback appear fre-
quently in scientific research, where evaluating candidates can involve running
expensive computational models at scale, long-running clinical trials, or costly
laboratory experiments. A particularly challenging example is in nuclear fusion,
where simulating a plasma requires solving coupled non-linear partial differential
equations (PDEs) such as the 5D gyrokinetics equations. As plasma turbulence
is high dimensional, multi-scale, and extremely sensitive to gradients, these sim-
ulations take tens or hundreds of thousands of core-hours on exascale compute.
Given the extreme cost, it is important to efficiently identify the most promising

candidates for fusion scenario optimization.

Similar multi-stage decision-making problems also arise in automated machine
learning, especially hyperparameter tuning, where model performance is revealed
progressively as training proceeds and evaluations can be paused or resumed based
on partially-observed training curves. This setting has been studied in freeze-thaw
Bayesian optimization (Swersky et al., 2014) and bandit-like budgeted resource
allocation formulations such as Hyperband (Li et al., 2018]). Notably, the cost of
obtaining additional observations of model performance, measured in training time
or computational resources, can be varying across sets of hyperparameters, but

such cost heterogeneity is not explicitly incorporated in these frameworks.
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In this work, we focus on the setting where uncertainty about each action’s value
is quantified via a probabilistic model, and different actions’ values are independent
from one another. Given such a model, the decision on which action to evaluate
next is captured by a Markov decision process (MDP) with multiple Markov chains
to proceed with, whose optimal algorithm is called a Bayesian-optimal algorithm.
Following the seminal work of Gittins (1979b)), for certain classes of such MDPs,
the Bayesian-optimal algorithm takes the form of ranking each action by a number,
called its Gittins index, which is defined as the solution of a certain optimization

problem.

Despite the natural appeal of making Bayesian-optimal decisions, the vast
majority of research on Gittins indices has focused on settings which are simple-
enough that their respective optimization problems can be solved analytically—such
as Pandora’s Box problem with Gaussian reward distributions (Xie et al., 2024)), or
M/G/1 queue problems (Scully et al., 2020). In general, complex Markov decision
processes can yield Gittins indices whose computation is intractable. For example,
recent work on chain-of-thought selection for large language models formulates the
problem as a Markov chain selection problem, but notes that implementing the
Gittins index algorithm for this formulation is challenging, leading them to consider

Gittins-inspired policies based on simplified formulations Zabounidis et al. (2025)).

At present, settings where Gittins indices are non-analytic—but can be reliably
computed numerically—have largely yet to be identified. Our aim is to identify
and develop one such class—which is rich enough to capture the structure of
our motivating problems—and evaluate the resulting policies in model-matched
synthetic settings where the assumptions can be controlled. Following the work of

Xie et al. (2024) connecting Gittins index theory with Bayesian optimization, we
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view our work as the next significant step towards integrating ideas from Gittins

index theory into machine learning.

Contributions. In this work, we (i) define a suitable class of Markov decision
processes—based on selecting actions whose values evolve according to Gaussian
state-space models—which simultaneously capture a broad class of multi-stage
decision-making problems of practical interest, yet admit an explicit optimal al-
gorithm via a Gittins Index Theorem. We (ii) show the resulting Gittins index
algorithm can be expressed as a dynamic program, whose steps consist of one-
dimensional root-finding problems with certain additional structure. We (iii) develop
an efficient fast Fourier transform based method for solving these root-finding prob-
lems, thereby providing the first efficient numerical method for computing the
Gittins index algorithm of this class. We (iv) use the resulting theory to design and
implement a policy class for cost-aware multi-stage decision-making, and evaluate

it on synthetic model-matched Bayesian-regret tasks.

5.2 Bayesian-optimal Decision-making via Gittins Indices

We are interested in Bayesian-optimal decision-making for the Markov chain selec-
tion problem—a general Markov decision problem class. Before introducing this
in full generality, we will begin by first describing the simplest concrete example,
namely a sequential decision-making problem called Pandora’s Box, which we now

proceed to.
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5.2.1 A Review of Pandora’s Box

In Pandora’s Box, a decision-making agent is presented with a set of N closed
boxes, indexed by n =1, .., N. Each box has an associated random reward r,, € R
with distribution p, € M;(R), and deterministic cost ¢, > 0. At each iteration

t=1,..,T (T can be a flexible stopping time), the agent is allowed to either:

1. Open a closed box: letting n; be the chosen box, the agent incurs a cost of c,,,

but learns the exact value r,, ~ p,,. After this, box n; is considered open.

2. Select an open box: in this case, the decision problem ends, and the agent

receives the reward 7, inside the box.

Obviously, if the agent selects an open box, they should always select the best
open box. Note that the agent pays the cost to open each box they choose, but
only receives a reward from one of the boxes they have opened. Finally, we assume
that the agent is not allowed to select boxes that have not yet been opened, and
that all boxes’ reward distributions are independent. The agent’s total reward is
given by

T
Etgi?.},(Trm —E;cnt. (5.1)
Remarkably, it is possible to analytically characterize the Bayesian-optimal algo-
rithm for Pandora’s Box, due to a result of Weitzman (1978). It says that selecting
n; according to
ny = arg max a*(n) (5.2)

n=1,..,N

where a*(n) = r,, for an open box, and

a*(n) =inf{g € R: Emax(0,7, — g) = ¢, } (5.3)
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for a closed box, is Bayesian-optimal. Note that this infimum yields the solution of
a root-finding problem with respect to the variable g, with the convention that if

there are multiple roots we select the smallest one.

The interpretation is as follows: for each closed box n, a*(n) computes the
value of an equivalent open box. The optimal algorithm, then, is to rank all boxes
according to the fair value given by their respective equivalent open boxes, open
them in that order, and select a box once its revealed value is higher than that of

any remaining closed boxes.

5.2.2 From Pandora’s Box to Markov Chain Selection

Markov Chain Selection can be viewed as a far-reaching generalization of Pandora’s
Box, which unifies it with Bayesian bandits and other decision problems. Concep-
tually, we begin by viewing each individual Pandora’s Box as a transient Markov
chain defined over the state space {K} UR U {v'}. Among these states, the symbol
X represents a closed box, r € R represents an open box with reward r, and v/
represents the box selected at the end of the decision problem. The transitions of
this Markov chain describe what happens to a given box each time it is chosen by

the agent.

The key idea behind the general Markov chain selection problem is to replace
the specific kind of Markov chain described above with a collection of independent
Markov chains satisfying the standard admissibility conditions for Markov chain
selection. In the undiscounted formulation used here, each chain has designated
terminal states, reaches a terminal state in finite local time almost surely from
every admissible initial state, and has finite expected cumulative absolute reward

before termination (Scully and Terenin, 2025, Assumption 3.3). Thus, “general”
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refers to the dynamics and state spaces allowed within this class, rather than to
literally unrestricted Markov chains. For the finite-stage models studied below, the
states at local stage T are terminal, and the required integrability follows from the
assumed finite reward moments. We allow each chain to be time-heterogeneous,
where time means the chain’s own local stage and advances only when that chain
is selected. This is compatible with the time-homogeneous formulation of the
Gittins index theorem: a chain with stage-dependent state spaces X; and transition
kernels p; can be represented by a time-homogeneous chain whose states are pairs
(t,x), where t € {0,...,T} and = € X;, with transition (t,z) — (¢t + 1,2’) for
' ~ pi(- | ). Thus, stage is part of the Markov state whenever we invoke a
time-homogeneous result. At local stage 7, chain n is equipped with a reward
function r, . : X, - = R5¢ and a cost function ¢, : X, — R, both of which
are non—negative.ﬂ At each global iteration k£ = 1,2, ..., the agent chooses one
of the N chains n, € {1,..., N}. The chosen chain transitions from its current
stage-state (7,,x,) to (7, + 1, 2), while every other chain remains in its previous

stage-state. The goal, now, is to maximize

Mﬂ

E

Tnkﬂ'nk xnk anﬂ'nk (xnk)) . (54)
k=1

The remarkable fact about Markov chain selection is that—just as in Pandora’s

Box—the Bayesian-optimal algorithm retains a surprisingly simple form.

Result 11. There exist local value functions V,; such that the algorithm selecting

T,loc

the chain with the largest current Gittins index, ny € arg max,, o*(n; 7,, x,), where

(15 T, ) = inf{g € RV (205 9) = g}, (5.5)

15 Bayestan-optimal.

IThis is equivalent to the formulation of Scully and Terenin (2025), by splitting their signed
reward function into its positive and negative parts.
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A proof is given in Scully and Terenin (2025, Theorem 3.7), and additional
details on notation are given in Appendix [D.I] This result is central to our
work: our primary goal is to understand how to compute a*, and therefore the
Bayesian-optimal action, numerically. The key challenge will be to understand

how to compute V¥,  —which, beyond Pandora’s Box, almost never has a simple

,7,loc

analytic form—so that we can solve the defining root-finding problem. Since our

development will focus on detailed properties of V* we will return to it and

,7,loc?

describe its precise definition in the sequel.

For finite-state Markov chains, general methods for computing a* have been
developed by Katta and Sethuraman (2004). At present, settings which involve
infinite-state Markov chains—which are already present in Pandora’s Box, and
various Markovian queues—involve case-by-case techniques which rely on problem-
specific structure; for example, Xie et al. (2024) considers Pandora’s Box with

Gaussian distributions.

5.2.3 Linear Gaussian State-space Models

In this work, we consider Markov chain selection between a set of chains given by
linear Gaussian state-space models (LGSSMs). LGSSM is a flexible model class
that is used for time series analysis in a wide variety of domains including finance
(Harvey, 1990), biology (Linderman et al., 2016)) and robotics (Thrun, 2002)). For
simplicity, we state our results initially for fully-observed LGSSMs, and extend to

the general case with hidden states later.

Definition 12 (Time-heterogeneous linear Gaussian state-space model). A lin-

ear Gaussian state-space model LGSSM ({F,, Q,}/=') generates a finite sequence
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(x¢)L, according to
i = Fuey + €444, ert1 ~ N(0,Qy), (5.6)

where the random vectors €411 are mutually independent. They are called the
INNOVATIONS, or process noises, because €,y1 is the new random information added
to the state when the model advances from stage t to stage t + 1. Here, x; € R%,
F, € Ré+1xd  gnd Q, € Ru+1%de+1  The model is TIME-HOMOGENEOUS when

di=d, Fy=F, and Q; = Q for all t.

The time-heterogeneous notation is needed even when the latent dynamics are
time-homogeneous: the Kalman-filter belief process in Section generally has a
stage-dependent innovation covariance. As above, augmenting the state with its
local stage converts this model into a time-homogeneous Markov chain without

changing its value functions or Gittins indices.

5.3 Gittins Indices for Gaussian State Space Models

The Markov chain selection problem, introduced in Section [5.2] provides a general
framework for performing Bayesian-optimal decision-making. At optimality, the
expected reward from selecting chain n, is exactly balanced against its cost c,,,, where
the expectation is taken over future state transitions induced by that selection. By
choosing appropriate reward functions, cost functions, and transition distributions,
one can place a wide range of problems into this framework—including advanced
variants of Pandora’s box which incorporate nested boxes and other complications,
various optimal scheduling and queueing problems, and other bandit-like decision

problems.
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Figure 5.1: Backward solution of the dynamic program. At the terminal stage,
QT10c(z) = x; at each earlier stage, the next-stage -function is thresholded at
zero, convolved with the stage-specific Gaussian increment density, and shifted by
the evaluation cost.

Following Result optimal actions for Markov chain selection can be obtained
by computing each chain’s Gittins index at its current local stage-state. The
fundamental question therefore becomes: how can we reliably compute this quantity
using numerical methods? We proceed to study this question, focusing on Gaussian

state-space models as an initial non-trivial setting to start with.

5.3.1 Reduction to One-Dimensional Gaussian Random
Walks

We now begin our technical development, and assume that we are given a Markov
chain selection problem where each Markov chain is given by a Gaussian state-space
model. To proceed, following Scully and Terenin (2025), we first identify the
function V.. introduced in Section .

Definition 13. Fiz a time-heterogeneous Markov chain with state spaces Xy,
transition kernels p;, reward functions ry, and cost functions c¢;, and let o € R.

Define the LOCAL MARKOV DECISION PROCESS as follows:

1. States: Xipe = {(t,x) :t €{0,...,T}, x € X;} U{V'}, where v is the unique
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terminal state.
2. Actions: Ao = {>,0}, called GO and STOP.
3. Rewards: roc((t,x),0) = a and riee((t, z),>) = r(x) — ¢p(x).

4. Transition kernel: from (t,z) with t < T under >, the next state is (t + 1,2")

with ' ~ py(- | ©); from (T, x) under >, from v', or under O, the next state is

v

With this notation, V7, .(z,; ) is the optimal value function of the local

MDP for the nth chain at local stage ¢ and outside option . To solve the root-

finding problem from Result [I] for the optimal algorithm, we need to solve the

*
n,t,loc

Bellman equation of the local MDP for (x,;-). At first glance, this appears
to be difficult even for Gaussian state-space models, as the MDP is defined over a

d-dimensional space.

We will show that the above problem can be reduced analytically to an equivalent
problem in one dimension. To do so, we need a definition from Markov chain theory.
Let (Xy, py,7¢, ¢¢) and (X4, ;. T4, G) be two time-heterogeneous Markov chains with
the same horizon. We say that a family of measurable functions f; : X; — X, is a

lumping map (Buchholz, |1994) if

p(fia(A) [ 2) =B(A | fi(@)) (5.7)

for every t < T, x € X;, and measurable A C X, together with r(x) = 7(fi(x))

and ¢, (z) = ¢ (fi(z)).

While appearing technical, this definition encodes a simple idea: one should
think of (X, ps, 71, ) as the larger chain, and (X,,p,,7;,¢;) as the smaller chain.

With this intuition, f; is akin to a sufficient statistic which lumps together states
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that yield the same costs, rewards, and reduced-state transition law. We now state

the key result.

Theorem 14 (Value preservation under lumping). Let (X, py,7i,¢) and

(X, D;, T4, C) be two time-heterogeneous Markov chains related by a lumping map

*

(fo)io, and let Vi, and V.

o be their respective local value functions. Then

t,loc
‘/I;,kloc(x; Oé) = V:loc(ft (m)v Oé) (58)

for every t, v € X, and o € R.

Theorem [14] is proved in Appendix Because the Gittins index is defined
from the local value function, lumping maps preserve Gittins indices as well. For
the LGSSMs of interest, the appropriate scalar state is determined by the terminal

quantity being optimized.

Definition 15 (Terminal-value signal map). Fiz a terminal stage T and a terminal
linear quantity Z = £ xy. For 0 <t <T, define

Fr i Fro---F,, t<T, T
Qt,T = ft(m) = E ¢t7Tm, (59)

:[7 t — T,
and call s; := fi(x;) the TERMINAL-VALUE SIGNAL. Thus s; = E[Z | x| in the fully

observed model. For a time-homogeneous LGSSM, this reduces to s; = VAR

The terminal reward is therefore a function of st = Z = ET:BT, not of ET:I:t
at an intermediate stage. More generally, to apply lumping, we assume that any
stage-t reward and cost factor through the terminal-value signal: for some scalar

functions 7, ¢,

r(x) =T(fi(x)),  al®)=alfi(@). (5.10)

98



This includes the principal case in which intermediate stages incur stage-dependent

evaluation costs and the only positive reward is the terminal value Z.

Theorem 16 (Terminal-value signal reduction). Consider the fully observed LGSSM
i Definition and suppose its rewards and costs factor through the terminal-
value signal maps in Definition . Then (fi)L, is a lumping map, and the reduced

process is the time-heterogeneous Gaussian random walk

St41 = St + Cey, Cep1 ~ N(07 Ut2+1)a (5'11)

where the increments are independent and
Tp = eT(I)t-&—l,TQt(I);r_;_LTE- (5.12)

Consequently, the original LGSSM and the scalar random walk have identical local

value functions and Gittins indices at corresponding states.

Theorem [I6] is proved in Appendix [D.I} The partially observed case is handled
separately in Section first the complete observation history is lumped to the

current Kalman belief, and then the terminal-value signal map is applied to that

belief.

As a consequence, to compute the Gittins index of a general Gaussian state-space
model, it suffices to understand the one-dimensional case, thereby avoiding the
usual curse of dimensionality associated with dynamic programming. We therefore

proceed to study Gaussian random walks.

5.3.2 Local Value Functions of Gaussian Random Walks

We now work with the scalar, time-heterogeneous Gaussian random walk obtained

above. We specialize to the multi-stage evaluation setting used in the sequel:
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continuing at a nonterminal stage ¢ < 7' incurs a signal-independent cost ¢; > 0,
and continuing at stage T receives terminal reward z. Let Qf..(7,a;a) and
Voo (®; ) denote the stage-t action-value and value functions with outside option

Joc

a. They satisfy

—Ct IE[V;;':&-LIOC(J7 + <t+1; CY)], < Ta
Q;loc('xv > Oé) = (513)
Iy t = T,

QZIOC(J”? D; O[) = Q, (514)

where (11 ~ N (0,07,,). To ease notation, write Q.. (7; @) := Qf . (z,>; @). Note

that the optimal value function satisfies

V:loc(x; Oé) = maX{Q;loc(xa > Oé), Q;loc(xa D; O‘)} (515)

= maX{QZloc(w; Oé), Oé}. (516)

At first glance, computing Q;loc(m; a) appears to require solving a two-parameter
dynamic program over (x,«) at every stage. The random-walk identity z;,; =

xy + (o1 is exactly what makes the following reduction possible.

Lemma 17 (Translational equivariance of the Q-function). For every stage t and
G eR,

QZIOC("’E; Oé) +B = Q;loc<x+ﬁ;a+6>' (517)
Corollary 18.

Q;loc<w; CY) = Q;loc(l. - & 0) + a. (518)

Figure [5.2] illustrates this translational equivariance. By the corollary, it suffices
at each stage to compute the single-argument function Q},..(z) == Qj,.(z;0). We

have therefore eliminated the outside-option dimension from the dynamic program.
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— Xt Xt + B
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Figure 5.2: Translational equivariance of Q)j,,.: shifting the state and threshold by
B shifts the Q-function by f.

At this stage, the main remaining challenge is that () ),. is defined over an

unbounded domain: to handle this, we prove the following structural properties.

Proposition 19. For each t < T, the function Qf,,. : R — R is monotone and

convex. Moreover,

lim Q;loc(m) = G, lim Q;loc(x) = 00, (519)

T—r—00 T—00

d
with lim P Qi oc(x) = 1. At the terminal stage, Q% ,.(x) = .
x k) k)

T—00

The key idea here is that each limit corresponds to an algorithm. If z is very
small, then the optimal action at the next time step is overwhelmingly likely to be
0, so continuing now has value approaching the immediate cost —¢;. On the other
hand, if = is very large, then it is likely one should play > indefinitely, resulting in
a value equal to approximately x in expectation. Other values of x lie in-between

these extreme cases.
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5.3.3 Efficient Approximate Dynamic Programming via Fast

Fourier Transforms

Given the structural properties from the previous section, we can now develop a
numerical method for computing the functions @7 ),.(-) backward in ¢, from which

we recover the full value functions and compute Gittins indices by root finding.

With outside option zero, the recursion from Equations (5.14]) and ( - is

Q;,loc(x) =, (520)

Q:,loc(x> = —Ct+ E[maX{Q:—f—l,loc(x + Ct-‘rl)a OH ) t<T. (521)

Writing ¢4 for the density of N'(0,07,) and Q;, . = max{Q},,,.,0}, the

nonterminal update is

Qo) ==t [ Qlipcl)ona(o = 5)ds (5.2
= —C+ (Qz_—l—l,loc * ¢t+1)(x)‘ (523)
The behavior of this recursion is shown in Fig. [5.1]

To solve this backward recursion approximately, we replace Q;" " 110c With a finite-
basis approximation, perform the convolution, and approximate the result within
the same basis. Using Lemma (17| and Proposition , we note that Q7 t1loc - R— R
can be well-approximated by a finite-dimensional function class of convex monotone
functions with the correct limiting behavior. The simplest choice satisfying these
requirements is a piecewise linear function class. We denote by @j " 110c the approxi-
mation of Q) " 110c Within this class, which can be defined by a grid of evenly-spaced

points & (i =0, .., P — 1) with space ¢ and a set of slopes my, .., mp:

P-1
Q\?——‘rl,loc( ) Qt+1 loc(go) + ml T = 50 + Z mi+1 — max( - &7 0) (524)
=1
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With this parameterization, the convolution in the recursion Eq. (5.23) admits a

simple form.
Proposition 20. Define the EI kernel Elyy1(z) := Een(0,02, ) max(z — &, 0). Then

for each grid point v =¢&; (j =0,..,P —1), we have

P-1
Q71 10¢ * Pe1(2) = Qt+1 (&) +ma(x = &)+ Y (miy1 — mi) Elia(z — &), (5.25)
i=1

We call this kernel EI kernel based on its relationship with the expected improve-
ment acquisition function in Bayesian optimization (Jones et al., [1998; Mockus,

1974).

Note the indices of the summation: it is a discrete convolution, which can be
computed efficiently using a fast Fourier transform (FFT), resulting in an overall
computational cost of O(PT log P), where T is the time horizon. See Appendix

for details of the FFT formulation.

5.3.4 Extension to LGSSMs with hidden states

A more flexible variant of an LGSSM is constructed by only making a linear
combination of the underlying states available to an observer. We call this a

partially observed LGSSM.

Definition 21 (Partially observed linear Gaussian state-space model). A partially

observed LGSSM augments the latent dynamics in Definition [19 with
Y, = Hth't + Um n, ~ N(O, Rt), (526)

where the observation noises are mutually independent and are also independent of

the state innovations €,. Here, y, € R™, H; € R™*d  gnd R, € R™>*mt,
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This additional structure greatly increases the expressivity of the model, en-
abling the representation of any Gaussian process within the LGSSM framework
(Hartikainen and Sarkka, [2010; Sarkka et al., 2013). Unfortunately (y,) is not a
Markov chain, which means we cannot directly apply the Gittins algorithm for
MCS to this model class. However, the Kalman filter can be used to construct a

fully observed, time-heterogeneous LGSSM from a partially observed one.

Result 22 (Kalman filtering of LGSSMs). Let p, = E[z; | yy,] and 3y, =
Cov(zx: | yy,), starting from a Gaussian prior &y ~ N (g, o). The determinis-

tic covariance recursion is

Siie1 = Feoa X Fly + Qe (5.27)
S = H;,, . H, + Ry, (5.28)
K, =%, H'S; ", (5.29)
S =1 KH)E,, . (5.30)
Moreover,
s | 1 ~ N (Foapy g, 1 KSK]) (5.31)

Thus (py,) is a fully observed, time-heterogeneous LGSSM with transition matrices

F,_, and innovation covariances KtSthT.

These standard Kalman filtering identities follow, for example, from West and
Harrison (1997, Chapter 4); see also Welch, Bishop, et al. (1995). No new proof of

the filtering recursion is required here.

To connect this result precisely to lumping, let Z;, = (fg/0; - - - s By, Y1 - - -5 Yt)

denote the complete information history. The projection
It — l’l’t‘t (532)
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is a lumping map whenever rewards and costs depend on the history only through
the current belief. Indeed, the displayed transition law shows that the conditional
distribution of the next belief depends on Z; only through p,,. Hence Theorem
implies that retaining the full observation history and retaining only the current

Kalman belief give the same local value function and Gittins index.

For the terminal quantity Z = £' &, applying the terminal-value signal map f;

from Definition [15] to the current belief gives the second mapping

ft o4
Ky — St = ft(ut\t) = eTq)t,Tﬂﬂt =E[Z | y1.)- (5.33)

Applying Theorem (16| to the belief LGSSM shows that ($;) is specifically the

time-heterogeneous Gaussian random walk
St41 = 5t + ét+1, Var(étJrl) = ET‘I’tH,TKtHStHKtTH‘I’tTH,TE- (5.34)
In summary, the two-step reduction is
Ty — pyy 5 4. (5.35)

It extends the one-dimensional Gittins computation to partially observed LGSSMs

while keeping the observation history separate from the terminal-value signal map.

5.4 Synthetic Bayesian Regret Experiments

We evaluate the Gittins index policy in a model-matched synthetic setting, where
the data-generating process is the same Gaussian state-space model family used by
the policy. This isolates the regime in which the Bayesian-optimality guarantee is
intended to apply, without adding complications from empirical data. We compare

against random search and successive halving baselines, and sweep the Gittins
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Figure 5.3: Synthetic model-matched Bayesian-regret experiments. Each panel
shows the tradeoff between evaluation cost and Bayesian regret for a fixed number
of arms and horizon. Columns correspond to horizons T' € {10, 50, 100}; rows
correspond to arm counts N € {100,500,1000}. The Gittins policy is evaluated
across cost-scaling parameters A and compared with random search and successive
halving baselines. Relative to random search, Gittins reaches the Pareto frontier;
the successive-halving results are dominated and therefore do not reach this frontier.

cost-scaling parameter A to trace the cost-regret tradeoff. Successive halving is
the resource-allocation subroutine used by Hyperband: it allocates a small initial
budget to many arms and repeatedly eliminates a fraction of the least promising

arms (Jamieson and Talwalkar, 2016; Li et al., 2018]).

Figure [5.3| reports the resulting Pareto frontiers. Across the synthetic grid,
changing A moves the Gittins policy along the expected exploration—cost tradeoft:

larger values spend less budget, while smaller values continue more arms and reduce
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regret. These experiments are intentionally limited to the model-matched setting;
empirical robustness evaluation is outside the scope of this thesis version. Further

experimental details are provided in Appendix [D.3|

5.5 Conclusion

We developed a numerical route for applying Gittins-index methods to Gaussian
state-space models by reducing the relevant computation to a one-dimensional
dynamic program and solving the resulting Bellman updates efficiently with FFT-
based convolutions. In model-matched synthetic experiments, varying the cost-
scaling parameter allows the Gittins policy to trace a favorable cost-regret frontier:
it Pareto-dominates random search across the tested settings, whereas successive
halving does not consistently improve upon the random-search frontier. These
results demonstrate that the proposed policy can translate its Bayesian optimality
structure into an effective practical tradeoff between evaluation cost and decision
quality when the modeling assumptions hold. Empirical robustness to model

misspecification and real-world data remains to be evaluated in future work.
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APPENDIX A
SUPPLEMENT TO CHAPTER 2

A.1 Illustrations

Here we provide a set of additional illustrations to aid understanding of our results.

A.1.1 Visualization of synthetic benchmark functions

To better understand how the behavior of Bayesian optimization algorithms on
the three different synthetic benchmark functions might be affected by their ge-
ometric shape, Figure provides a visual illustration of their two-dimensional
variants.! This allows us to visually see the multimodality of the Ackley function,
multimodality and ridge-like regions in the Levy function, and banana shape of
the Rosenbrock function. While we use higher-dimensional versions of these in our
experiments, this illustration provides some intuition for what the resulting the

optimization landscape might look like, helping contextualize results.

«
(a) Ackley (b) Levy (c) Rosenbrock

Figure A.1: An illustration of the two-dimensional Ackley, Levy, and Rosenbrock
functions.! From the visual, one can see that these functions differ in terms of
multimodality and ridge-regions within the optimization landscape.
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A.1.2 Comparison of behaviors between EI and PBGI

In Figure [A.2] we see that EI's maximum occurs at a point near x ~ 0.365, which
is located closer to the observed data and is fairly close to the maximum of the
posterior mean. Similarly, large-\ PBGI’s maximum occurs at a similar point near
x =~ 0.358, indicating that the algorithm makes similar decisions in spite of the
fact that the acquisition function’s shape is different. In contrast, small-\ PBGI’s
maximum occurs at a point near x ~ 0.86: it favors a riskier approach, preferring a

location where the mean is smaller, but the variance is larger.

This example shows potential differences in behavior between EI and PBGI,

and illustrates how these differences are mediated by the parameter .

A.1.3 An example where expected improvement underper-

forms

In Section [2.3.3] we showed a cost-aware Bayesian optimization problem on which
the logarithmic form of expected improvement per unit cost (LogEIPC) has poor
performance. Here, we show that this problem can be modified so that the
logarithmic form of ordinary expected improvement (LogEl), which ignores the
cost function, also has poor performance—a somewhat obvious, but nonetheless
important sanity check that we make to ensure that costs play a sufficiently-
important role in problems of this class to merit their consideration. This is shown
in Figure [A.3] It is not hard to construct a less-visualization-friendly variant of
these problems on which both expected improvement per unit cost and ordinary
expected improvement perform poorly, by considering cost functions which are

appropriately-weighted sums of bump functions.

IThis visual originally appeared in Terenin (2022), and is reproduced here with permission.
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A.2 Theory and calculations

Below, we provide additional ideas to help understand the Pandora’s Box problem

and acquisition function that results from its considerations.

A.2.1 Additional intuition on Pandora’s Box

In what follows, we sketch a viewpoint from which one can see the key idea behind
why Theorem [I| holds. Rather than considering the full Pandora’s Box problem
with a general set of open and closed boxes, consider first the case where there is
exactly one closed and one open box. To slightly simplify notation, let f denote the
random reward inside the closed box, let ¢ denote the cost of opening the closed
box, assumed deterministic, and let g denote the visible reward of the open box.

Our possible actions are as follows:

1. Open the closed box. In this case, we pay a cost of ¢, but subsequently get to
choose between taking the realized value f, or instead taking ¢g from the box
that was originally open. In expectation, the total value obtained by taking

this action is E(max(f, g)) — c.

2. Take the reward from the open box. The total value obtained is g.

We can therefore analytically solve for the optimal policy of this respective Markov
decision process: we open the closed box if E(max(f,g)) — ¢ > ¢, and take the
reward from the open box if E(max(f,g)) — ¢ < g, with both actions optimal in
the case of equality. As consequence, if g is such that both actions are optimal,

the same value is obtained no matter whether one chooses to open the box or not.
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Rewriting the preceding expressions slightly, this occurs when
Emax(f —¢,0) =c (A1)

where in the case of multiple boxes the left-hand-side becomes the expected im-
provement function. The insight of Weitzman (1979)—and indeed of Gittins (1979a))
in a much more general setting—is that one can modify the Pandora’s Box Markov
decision process by replacing closed boxes with open boxes whose value g satisfies
(A.1]) without changing the optimal policy. As a consequence, the optimal policy is

precisely the Gittins index policy of Theorem

As a final point, note that the assumption that ¢ is deterministic is made without
loss of generality: if ¢ is instead stochastic but has finite expectation, the same
reasoning applies, but with the value ¢ in replaced with its expected value.
We will make use of this in Appendix [A.2.4]

A.2.2 Gradient of the PBGI acquisition function

In most Bayesian optimization setups, gradient-based methods including multi-start
stochastic gradient descent, BFGS, and L-BFGS-B, are used to effectively optimize
analytical acquisition functions, such as EI and UCB. These methods can also be
used to optimize the PBGI acquisition function. To facilitate this, we provide the
gradient formula for the PBGI acquisition function. In what follows, mirroring
the preceding and following sections, if costs are stochastic then ¢(x) should be

replaced with its respective mean. We also omit time subscripts to ease notation.

Proposition 23 (Gradient of PBGI). Let pu(x) and o(z) be the mean and standard

deviation of the posterior Gaussian process (f | x1.4,y14)(x). With this notation,
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PBGI(:E)

the gradient of the acquisition function « s given by

“<>+)G<>) Vo(r) — A\Ve()
o (mac)—aPBGI(x)) ’

o(x)

' o
VaB (1) = V() +

(A.2)

where ¢ and ® denote the density and cumulative distribution function of a standard

normal distribution, respectively.

Proof. Recall that when ¢ (z) ~ N(u(z),o(z)) is Gaussian, the expected improve-

ment with respect to the comparator y is given as

Ly (o) = (o) - o (MOS0 e (MESE) g

PBGIL e have

Next, note by definition of «
Elfa1 e (75 72N (2)) = Ae(2). (A.4)

Differentiating this with respect to x on both sides gives
VEL e, . (2 aPBGI(x)) = A\Vc¢(x). (A.5)

Applying the product and chain rule to the left-hand-side gives

) — oPBGI( 4
VBl 0309 0) = (Vo) = Voo (MO0

() — PP () (M(w) — a"P%(x) ) . (u(w) - aPBGI(x)> (A7)

() ()

+ w@)aﬁ(“ ) ;f‘:%)) (A8)

+o(z)¢ (’“‘ @) ;(O‘;BGI“") ) v (’“‘ (@) ;?‘;BGI(I)) . (A.9)

Recall the identity for the derivative of the Gaussian density, namely

¢(x) = —vo(x). (A.10)
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Applying this identity to (A.9)) gives

() — a5 @)\ _ () — aPPC ()
ot (=) () —
) — oPBGI( 4 ) — oPBGI( 4
— —(/L(.T) _aPBGI(x))¢(:u( ) 0<x> ( ))V(M( ) U(x> ( )) (A.12)
which is equal to the negation of , hence and cancel: we get
z) — oPBGI( 4 z) — oPBGI( 4
(Vu(m)—VaPBGI(x))q)('u( ) - ( ))Wa(m)qs(“( ) = ( >) — AVc().
(A.13)
Rearranging this gives the expression in the claim. ]

A.2.3 Small-cost limit of PBGI acquisition function

We now derive the small-\ limiting expression for PBGI which was presented in

Section [2.3.3] According to (A.3)) and (A.4), we have
@ P() = () = ou()u() (A.14)

where p; and o, are the mean and the standard deviation of f | x1.4, y1.4, and wu(-)

is the solution of

Ac(+)

u(+)@(u(-)) + o(u()) = :
(")

When A — 0, the solution satisfies u(-) — —oc. This implies that both ®(u(-)) — 0

(A.15)

and ¢(u(-)) — 0. Since ¢(u(-)) dominates ®(u(-)), we can approximate the solution

u(+) by o(u()) ~ :\:8 By substituting the probability density function of a

standard normal distribution for ¢, we obtain

(")
N —y (21 ) Al
) = 2108 T3 (A16)
Thus, we can conclude that in the limit A — 0, the Gittins index becomes
oz
ol B (2 \) = py(z) + oy(2)4 /2 log()\i((x))) : (A.17)

113



As consequence, we expect PBGI-D, whose A-parameter eventually decays to zero,
to potentially inherit consistency and other properties known for UCB. Specifically,
since PBGI-D decreases the value of A to zero over time by dividing it with a
constant every time the Gittins stopping rule triggers, its behavior should eventually
be well-described by the above limit. As a result of this limit, unexplored regions
where o(z) > 0 should eventually have acquisition values that are larger than
regions where o(z) ~ 0. We believe this should hold regardless of whether the costs
are known—our main focus—or unknown, especially if the cost function ¢(x) is
uniformly bounded above and below. This because ’s dominant term in the
A — 0 limit is o(x)4/2log 5, which does not depend on the cost ¢(z).

A.2.4 Closed-form expression for the PBGI unknown-cost

variant

In the Lunar Lander and Robot Pushing empirical examples of Section [2.4] the cost
function does not admit an analytic, automatically-differentiable form, and can
only be evaluated in a black-box manner. To handle this, we model the logarithm
of the costs as a Gaussian process, and condition this process on the costs observed
at locations evaluated so far. This mirrors how unknown costs are handled in

Astudillo et al. (2021) for other acquisition functions, such as EIPC and BMSEL.

From the viewpoint of the Pandora’s Box problem, stochastic costs make little
difference: following the discussion in Appendix the optimality results of
Weitzman (1979)) continue to hold even if costs are stochastic, so long as the costs
in the formula for a* are replaced with expected costs. Mirroring this, if we plug in

PBGI

the mean of a log-normal random variable into the definition of « , we obtain

the following acquisition function.
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Definition 24. Let c(x) be log-normal for all z. For a dataset (x1,y1), .., (T¢, Yt),
let e and oy be the posterior mean and posterior standard deviation of the log-
costs. Define the UNKNOWN-COST PANDORA’S BOX GITTINS INDEX ACQUISITION

FUNCTION by

2
o B9 Y(2) = g where g solves Elfpy., 41, (759) = Nexp (,ulnc(x) + %)

(A.18)

The interpretation of A\, namely as a hyperparameter that determines the
expected budget the algorithm will use before reaching its respective stopping time,
is the same as in the known-cost setting. One can define cost-per-sample and decay

variants in the same manner as well.

A.2.5 Relationship between expected budget-constrained

and cost-per-sample problems

We now prove Theorem 2] In what follows, recall that the assumptions of Theorem |I]
are (1) X is discrete, (i) E|f(x)| < oo for all z, (iii) f(x) and f(z') are independent
for x # 2/, and (iv) the budget satisfies B > min,cx ¢(x). Further, Theorem
was stated for deterministic costs: more generally, we allow for stochastic costs
satisfying 0 < E¢(x) < 0o, and in such cases instead define o* using the expected

costs.

We begin by defining the Markov decision process (MDP) under study and

stating the properties of it that we will use. Define:

1. States: let S = §°U IS be the union of two disjoint sets, namely the set S° of

non-terminal states and set 0S of terminal states. These are described below:
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(a) Non-terminal states: let S° consist of all finite sequences of length | X|
taking values in R U {XI}, where numbers represent the reward inside
an open box, and X represents a closed box, along with terminal states

described below.

(b) Terminal states: let S = R represent the reward of the box chosen by

the learner.

2. Actions: let A = X, where actions represent either opening a closed box, or

taking a reward from an open box.

3. Costs: define the non-terminal cost function ¢ : §° x A — R* by c¢(s,a) =

c(a)l{s, = K}.
4. Rewards: define the terminal reward function dr : S — R by 0Or(s) = s.

5. Transition kernel: define a Markov transition kernel such that for a non-terminal

state s and an action a:

(a) If box i is closed, that is, s; = X, and a corresponds to opening this closed
box, then the MDP transitions to a new state s’, where s, represents a
random draw of the value in box ¢ and all other components s for j # i

remains the same as s;;

(b) If box ¢ is open, that is, s; € R, and a corresponds to taking the reward
s; from this open box, then the MDP deterministically transitions to a

terminal state s’ = s;.

This defines a class of time-homogeneous undiscounted Markov decision processes,
parameterized by the reward distribution f of bounded expected value and cost
function ¢. We consider Markov policies, which are probability kernels mapping

states to probability measures over actions. For this class of MDPs, all such policies
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are guaranteed to terminate in finite time, because at most one can open all the
boxes before being forced to select one and thereby enter a terminal state. As

consequence, by standard MDP theory:

1. The value function V(™9 : & — R is well-defined, where the superscripts

denote the policy and the cost with respect to which the MDP is defined.
2. The optimal value function V*¢ : & — R is also well-defined.
3. There exists an optimal policy #*¢ which achieves the optimal value V).
4. The map le‘ — R defined by ¢ +— V(™9 is affine for all 7.

5. The map R'f' — R defined by ¢ — V9 is convex, since it is a supremum of

affine functions.

We immediately note that this formulation extends to cover two variations of

interest:

1. Stochastic costs. One can handle this by replacing ¢ with a probability kernel.
In this case, letting m be the mean costs, we have V(™9 = V(™) Using this,

we henceforth work with deterministic costs without loss of generality.

2. Simple regret as a terminal reward. One can also consider an MDP with
a stochastic terminal reward which subtracts the best-in-hindsight term
sup,cx f(x) from the terminal rewards Jr given above—this gives an ob-
jective equal to simple regret up to a minus sign. Since this only changes the
rewards up to a random constant which is independent of the chosen actions,
by linearity of expectation, the value function of this modified MDP is equal
to those of our MDP up to a constant. We therefore omit this term without

loss of generality.
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The expected budget-constrained setting does not directly incorporate costs into
the MDP itself: more precisely, it takes ¢(s,a) = 0 within the MDP formulation,
which means the value function of this modified MDP is V(™9 Instead, costs
are incorporated as a constraint set on the policy class one considers. With this
notation, the values of the optimization problems for Bayesian-optimal policy in
the expected budget-constrained and cost-per-sample problems are

v = sup VO V) = sup Vo) (A.19)

WEH%) mell

where II is the set of all Markov policies, and the feasible set for the expected

budget-constrained problem is

()
My ={reM:EY clz,) < B (A.20)
t=1

and T™ is policy 7’s stopping time, that is
T™ = inf{t >1:s, € 0S} (A.21)

which is bounded above by |X| < co. This defines the optimization problems under

study. Define the set of maximizers
) ={rell. v =y} (A.22)

which is non-empty, since, as said above, by MDP theory the supremum defining
V() is achieved. Define also the set of feasible policies which satisfy the constraints

in a tight manner, namely

(™)
My, =7l :EY c(x;)=By. (A.23)
t=1

We are now ready to prove the claim in question. For this, we employ a

Lagrangian duality argument: loosely speaking, this will reveal the cost-per-sample

118



A to be the Lagrange multipliers associated with the expected budget constraint.
We prove the main claim via a series of lemmas, starting from handling the

Lagrange-multiplier-part of the argument.
Lemma 25. Define the function
A:[0,00) = R A\ = V) LB, (A.24)

Suppose that the infimum of A is achieved, and denote it by \j; € [0,00). Suppose
further that there exists an optimal policy for the cost-per-sample MDP for which

the expected budget constraint is tight, namely 7 € I+ N Hg?eq. Then we have

Vi = v, (A.25)

ebc ebc

Proof. We start by expressing the expected budget-constrained optimization prob-

lem in an unconstrained form via Lagrange multipliers, obtaining

(™)
(*,C) — (71')0) — 1 (7770) _ —_
Ve WSEI;II(DC) % ilelg /1\121% Vv AME ; c(xy) — B (A.26)
(e —
()
— ] (m,0) _ —
/1\1;% ilelg Vv AME ; c(xy) — B (A.27)
_ (*,Ac) —
}\gg(v + AB) gg A(N) (A.28)

where the second line follows from the Lemma [30] since the respective Lagrangian
equals V(™) up to a constant, and the third line follows by definition of V) is

by definition the terminal reward minus the cumulative costs.

Now, suppose the infimum of A is achieved, and let A% € [0, 00) be any minimizer.

Then V39 — yt2he) 1 N5 B. Using this, and the fact that the policy 7@ by

ebc

assumption achieves the supremum over sup,.cy; V(A5 and satisfies 7 € Hg), we
get
sup VO = squp V™59 L A2 B = sup V™59 1 \1 B, (A.29)

mell

WEHSBC> FEH(;)
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Thus, the optimization objectives, defining the expected budget-constrained problem
and the cost-per-sample problem with costs Ajc, are equal up to a constant.

Therefore, their minimizer sets coincide, and the claim follows. ]

Lemma reveals that as long as the optimization problems arising from
Lagrange multipliers are achieved, and the resulting policy 7 is feasible, the expected
budget-constrained problem will admit the same optimum as its associated cost-
per-sample problem. By MDP theory, we know the supremum over II is achieved:
we now show the infimum involving A is achieved as well, which essentially amounts

to ruling out arbitrarily large A\ values.

Lemma 26. The map A is convex. Moreover, the infimum infy>o A(N) is achieved.

Proof. First, note that convexity follows straightforwardly from convexity of ¢ —
V) and the fact that the sum of convex functions is convex. Next, since the
feasible set is A € [0, 00) and the objective is convex, either the infimum is achieved,
or the objective is non-increasing. We prove the latter property cannot hold. For
this, first consider the policy 7’ that deterministically opens some box ' € X whose
cost is ¢(z") < B—note that our assumptions guarantee the existence of at least one
such box—and selects the value in it. Therefore if we define A’'(\) = V(™A + \B,

we have

A (\) = VA L AB < V29 L AB = A(N). (A.30)
At the same time, we have V™29 = f(2') — Ae(2’) therefore

A'(\) =E f(2) — A(c(z') — B) (A.31)

which means the map A’ is affine and strictly increasing with respect to A\. Thus,
the map A is lower-bounded by a strictly increasing affine function, and therefore

cannot be non-increasing. We conclude that the infimum is achieved. ]
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The next part is to show that the optimal cost-per-sample policy is feasible
for the expected budget-constrained problem. Then to do so, we need to verify a
certain convergence criterion, given below. In the following, note that A'~—which
can be negative—is never used in the definition of any optimal policy, only to
compute the value of a given policy, which still makes sense even with negative

costs.

Lemma 27. For any monotone sequence \, — X\ where \,, > 0 and X > 0, and

any N € R, there exist policies 7' € T 9 and 7 € T such that

V(mNe) _y 1@ Ne) (A.32)
Proof. First, note that
7(™5)
VEND = VEDD) LV A)E Y ela). (A.33)
t=1

(a) (b)

Using this, by passing limits through the respective sums and products, it suffices
to prove convergence of (a) and (b) separately, with the same sequence choice 7
in both cases. By Weitzman (1979)—see Kleinberg et al. (2016, Theorem 1), for an
alternative proof—any policies 7, 7* which maximize the respective Gittins indices
a),a* are optimal: we will therefore choose 7, 7 from this set of policies. This
choice is not unique due to the possibility of ties, both in terms of which boxes
to open, and when to stop: we will show that tie-breaking choices do not affect
convergence of (a), and will make a suitable choice of tie-breaking rules, depending

on the sequence A, in the claim’s assumptions, to prove convergence of (b).

Part I: convergence of (a). Define k,(x) = min(f(x),a’(z)), and define

n

analogously. By Kleinberg et al. (2016, Theorem 1), we have

YA — | max K () (A.34)
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and analogously for A\, a*, and k. We now argue that o — a* monotonically

pointwise. Since )\, — A converges monotonically, consider
El¢(z,9) = Ac(z). (A.35)

Recall that Elf(x, g) is continuous and strictly decreasing in g: hence, its inverse
in g exists and is also strictly decreasing and continuous. We conclude that
o — o monotonically pointwise. From this, convergence of the respective
expectations Emax,cx kn(2), and therefore convergence of (a), follows by the

Monotone Convergence Theorem.

Part II: convergence of (b). We will need an identity involving the order in
which boxes are opened: for this, we first prove that once a tie-breaking rule is
chosen, for large enough n, 7 and 7* open boxes in the same order. Since the
number of boxes is finite, and o, — o monotonically pointwise from (a): it follows
for n large enough that, if there are no ties in o*(x), then 7 opens boxes in the
same order as 7*. If there are ties in a*, we choose a tie-breaking rule so that 7
and 7* open boxes in the same order. It follows that, once this choice is made, for
n large enough, all policies open boxes in the same order zy, .., 7| x|, with different

7, and 7* possibly stopping at different times.

The identity we seek will differ depending on how tie-breaking rules regarding
when to stop are handled: recall that ties can occur when opening the box z; € X
at time ¢, we have a*(x;) = f;, where f;" is the best observed value up to time ¢.
We adopt the following tie-breaking rule for stopping, depending on whether or not

A is an increasing or decreasing sequence:

e If )\, is increasing: let 7* = 7 be the policy that opens the best closed box in

the event of a tie.
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e If )\, is decreasing: let 7* = 7* be the policy that stops in the event of a tie.

Note also that if A, is both increasing and decreasing, it is constant, and the claim
we want to prove holds: therefore, we suppose it is not, which makes the choice
between 7} and 7* uniquely determined. We make the same tie-breaking choices
for 7, letting 7, , and 7, _ be the respective policies. Let z1, .., z|x| denote boxes

in the order they are opened. Then the expected total costs are

T x| x|
EY e(w) 2 > BT 2 iefa) W DUB(f; S a*(@)) 1< < iew)  (A0)
X o X] it
2 B(f(a) < 0*(@). 1 <5 < ie(w) B YO[B () < o (wi)elan)

(A.37)

where (i) follows by writing the probability as an expectation of an appropriate
indicator, (ii) follows by noting that under the policy 7%, the event T4 > j occurs
if and only if at each time j = 1,..,4, the best observed value f; is not higher than
the Gittins index of x;, (iii) follows by expanding the maximum which defines f}
and using monotonicity of a*(z;) in j to simplify the resulting events, and (iv)
follows by independence of f(z;) and f(z;) for j # j'. Using this, it suffices to

show

P(f(z;) < ay(z;) = P(f(z;) < a*(x;)) if 7 =77, and (A.38)

P(f(z;) < ap(x;) = P(f(x;) < o™ (x;)) if r* =7, (A.39)

The former equals the cumulative distribution function of f(x;), which is right-
continuous, evaluated at o (z;). The latter is similar but is instead left-continuous.
For 7 ., since A, is increasing, we have that o, (z) is decreasing, and the claim
follows by right-continuity. For 7 _ since ), is decreasing, we have that o, () is

increasing, and the claim follows by left-continuity. ]

123



We are now ready to prove the key property needed to apply Lemma [25]

Lemma 28. If X > 0, then there exists a 7 € 1259 N H(BC?Cq,

Proof. By the Envelope Theorem—specifically, Lemma We have for A € [0, 00)

that

OpA(N) = 9,(V*29) + AB) (A.40)

()
=0, | sup| VPO — X[ E Z c(xy) — B (A.41)

well —1

(™)
= O, | VO — X E - B A.42
> eta A
o T=T
=vB— min vE) c(zy) (A.43)
WGH(* Ac)

t=1
where all Gateaux derivatives—see Definition [3I}—are taken with respect to A and
exist by convexity, and the pointwise convergence condition of Lemma [33] follows

by first noting that
()
V(ﬂ',o) . A EZ C([L‘t) — B = V(W’AC) -+ AB (A44)
t=1

and applying Lemma [27} By the first-order optimality conditions, we have
Oy A(Ng) > 0. (A.45)

Combining this with the above, we conclude

min vE ) ¢(z;) <vB. (A.46)

t=1
Since A} > 0, this expression holds for v equal to £1: plugging this in, we get

() ()
min EZc(xt) <B B< max EY» c(zy). (A.A4T)
-1

7_l_el-[(*,)\"‘Bc) ﬂ_EI—I(*,)\”‘BC) —1
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Now, let 7_ be a policy from the minimizer set, and let 7, be a policy from
the maximizer set. Define a third policy 7, which randomizes between the two,
choosing 7_ with probability o and 7, with probability 1 — «. Since 7, and 7_
are optimal, they achieve the same value, so by convexity 7, also achieves the
same value: therefore, 7, € II**8. On the other hand, the expected total costs
of 7, are a convex combination of the expected costs of 7_ and 7,: since the
former lower-bounds B and the latter upper-bounds B, there exists an o € [0, 1] for
which the costs of 7, are exactly B. Taking 7™ = 7, for this value of «, we obtain

Te Hg?eq and the claim follows. O

To complete the proof, we show the minimizer set of A does not contain zero.

Lemma 29. Let A\j; € [0,00) be any minimizer of A, then X5 > 0.

Proof. From the derivative calculation used in proof of Lemma 28] plugging in

v = 1 into the respective Gateaux derivative, we obtain

d .
o AN =B— min EY c(z). (A.43)

t=1
If A =0, then the costs are zero: thus, any policy that opens every box, then selects
the highest reward among opened boxes, is optimal. Therefore, we have T = | X/,

and every optimal policy’s cost is equal to the total cost of all the boxes. This gives

d

o A0) =B - D e(x) <0 (A.49)
zeX

where the inequality follows by the assumption that the expected budget constraint

is active. The claim follows. O

With these results at hand, we are now ready to prove the main claim.

125



Theorem 2. Consider the expected budget-constrained problem, with the assump-
tions of Theorem [1 Assume the problem is feasible and the constraint is active,
namely mingex c(z) < B <) .y c(x). Then there exists a A > 0 and a tie-breaking
rule such that the policy defined by mazimizing the Gittins index acquisition function

a*(+), defined using costs Ac(x), is Bayesian-optimall.

Proof. Combine Lemma 25 with Lemmas [26] 28 and 29 O

We conclude by comparing this claim and proof with the results of Aminian

et al. (2024):

1. The objective of their expected budget-constrained problem is more general:
while we focus on minimizing simple regret, Aminian et al. (2024) study how
to maximize utility, which is defined in a broader context—one example being
the difference between the best observed value and cumulative costs, which we
study here. Our expected budget constraint is similarly a special case, which,
in their terminology, takes all weights on indicators denoting inspection to be

identical, and takes all selection weights to be zero.

2. We do not assume that f(x) has finite support for all z. This results in
a significant technical difference: we must apply a sharp envelope theorem
with an explicit supremum to conclude that the expected budget constraint
is satisfied. More-straightforward results such as those presented by Milgrom
and Segal (2002), or their subdifferential-formulated analogues as found in the
proof of Aminian et al. (2024, Proposition 1 (iii)), would not suffice: due to
an explicit counterexample involving upside-down-absolute-value functions,
without suitable structure, one cannot conclude that the supremum is achieved

and the resulting inequality is tight. As an alternative to our approach, one
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could instead appeal to finiteness of the class of deterministic policies—which
Aminian et al. (2024) assume, leading to piecewise-linear value functions.
We avoid these assumptions, leading to a more technical but more general

argument.

We conclude by noting that one can also consider variants of the problems we

have studied under an almost-sure budget constraint, for instance

(™)

Hg) =Kmell:P Zc(xt) <B|=1 V(;’i) = sup V™9 (A50)

;a8 a
t=1 WEHSBC,)as

For this problem, this optimal value is upper-bounded by the optimal value of
the expected budget-constrained optimization—specifically, V.79 < V"9 since

asbc ebc

Hg?as cm.

A.2.6 Auxillary results from optimization theory

Below we state and prove three results from optimization theory: a Lagrange
Multiplier Theorem for optimization problems with inequality constraints, and two
Envelope Theorems. These results are not new, but are difficult to find at the
level of generality we need them at: most references begin by assuming the domain
of optimization is R, or, if not that, that it is a Banach space, whereas we need
results that hold when the domain of optimization is an arbitrary set, without a
linear structure or a topology. In light of this, we have found it easier to simply

prove the claims we need.

Lemma 30. Let X be an arbitrary set, let f: X — R and let g : X — R. Then
defining L(x,\) = f(x) — A(g(x) — y) for A >0, we have

sup f(z) = supinf L(z, \). (A.51)
rzeX zex 220
9(z)<y
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Moreover, suppose there exist x*, \* which satisfy L(x*, \*) = infysosup,cx L(z, )

and g(z*) =y. Then we have
sup inf L(z, \) = inf sup L(z, ). (A.52)
zeX A20 A20zeXx
Proof. First, we show that for all x, we have
flz) g(z)<y
inf L(x,\) = (A.53)
A>0
—oo  g(x) >y.

To show this, suppose first that g(z) < y. Then A(g(x) — y) < 0, hence its
negation is non-negative, and minimized at A = 0. Now, suppose the converse.
Then A(g(x) —y) > 0, so its negation is negative, and the objective can be made

arbitrarily close to —oo by scaling A. Using this, write

ig}}g }\I;% L(z,\) = max igz igf L(z,N), :161)1? igf L(z,\) (A.54)
g9(z)<y 9(z)>y
=max| sup f(z),—oco | = sup f(x). (A.55)
zeX zeX
g9(z)<y 9(z)<y

We now argue that, under the claim’s additional assumption, one can swap the
order of the supremum and infimum. Let z*, A* be a pair for which the constraints

are tight. Then

inf sup L(x,\) 0 sup Lz, \* ) = sup L(x,\") (A.56)
A20 zex r€X T€X
9(z)<y 9(z)<y g(z)=y
iii (iv)
i sup inf L(z,\) < sup inf L(x,\) (A.57)

zeXx A20
g(z)=y

zeXx 220

9(z)<y

where (i) follows by definition of \*, (ii) follows by the fact that z* achieves the
supremum and satisfies g(z*) = v, (iii) follows by the fact that, when restricted

to the set {zr € X : g(z) =y}, L(x,\) is constant in A for all z-values, hence the
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infimum is taken over constant functions, (iv) follows by making the feasible set

larger. Combining this with the sup-inf inequality (Boyd and Vandenberghe, 2004)

i <i .
ilel)l?* g%ﬁ(m, A) < /1\1;% 22}1? L(z,\) (A.58)
9(z)<y 9(z)<y
gives the claim. O]

It is easy to see that this argument holds even if one lets y take values in an
infinite-dimensional vector space, as long as A takes values within a convex cone
which is suitably paired with the aforementioned vector space, but we will not need
this level of generality. The arguments we employ will be cleanest if we work with
directional derivatives in the sense of Gateaux, as opposed to left-derivatives and
right-derivatives of real-valued functions, which in our setting are equivalent but

require more management of minus signs. For this, we adopt the following notation.

Definition 31. Let X be a topological vector space, let X C X, and let f : X — R
be a function. The GATEAUX DERIVATIVE 0, f(x) € R of a function f at a point

x € X in the direction v € X, if it exists, is defined as

9, f(x) = lim fla+ev) - fx)

e—0t 15

(A.59)

Note that we require no properties of our Gateaux derivatives: in particular,
Oy f(z) can be non-linear in v, though one can easily see that it will always
satisty On, f(2) = a0, f(z) for @ > 0. If f is a convex function, one can show by
monotonicity of finite differences that 9, f(x) always exists—in the non-extended-

valued sense defined above—on the relative interior of the effective domain of

f.

Our arguments need an appropriate Envelope Theorem. The first statement we

need is essentially equivalent to Milgrom and Segal (2002, Theorem 1), which is
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formulated in the language of left-derivatives and right-derivatives: Milgrom and
Segal (2002) state in a footnote that their claim also holds in a general normed
vector space, provided one works with directional differentiation. In fact, the claim
is even more general than that, and does not require a norm. Since we find this
variant to be particularly clean, elegant, and instructive, we prove the claim in full

generality below.

Lemma 32. Let © be a subset of a topological vector space, and let X be an
arbitrary set. Let f : X x © — R be bounded above in its first argument, and define
V to be

V(0) = sup f(z,0) (A.60)

reX

Suppose that, for every 6 € ©, the supremum is achieved, and let X*(0) be the
mazimizer set. For any v, suppose that the Gateauz derivatives 0,V (0) and 0, f(z, 0)
exist and are finite-valued, with the convention that the Gateaux derivative of f is

taken in its second arqgument. Then

sup O, f(z",0) < 9,V(0). (A.61)

z*eX*(0)
Proof. Fix 6 € O, and let z*(0) € X*(0) be an arbitrary maximizer. Note that, for
all ¢ € © and all 2*(¢') € X*(#'), by optimality we have

f@(0),0) < f(z*(6'),6") = V() (A.62)

with equality for 8/ = 6. Letting ¢ > 0 be sufficiently small, taking ¢’ = 0 + cv,
subtracting f(x*(6),0) = V(6) from both sides, and dividing by ¢, we get

f(x*(0),0 +cv) — f(x*(0),0) _ V(O+cv)—V(0)

< A.
15 - € ( 63)
thus taking limits as ¢ — 0 gives
Ouf(z*(0),0) < 0,V(0). (A.64)
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This holds for all choices 2*(0) € X*(), and the claim follows. O

For our arguments to go through, we need a sharper version of this result, with
the inequality replaced with an equality. Results like this go back at least to Danskin
(1967), and are proven by Bonnans and Shapiro (2013, Proposition 4.12), Bagar and
Bernhard (2008, Theorem 10.1), and Bertsekas (1999): however, all of their claims
require topological assumptions on the domain of optimization. Moreover, it is easy
to see—for instance by considering an envelope made up of upside-down absolute
value functions, where V() is constant but f(z,0) is not—that the inequality
cannot be tight without similar assumptions. Below, we show that being affine in
0 and a certain convergence criterion suffice, even if X is an arbitrary set. The

argument is similar to that of the aforementioned references.

Lemma 33. With the assumptions and notations in Lemma[39, suppose further
that f(x,0) is affine in 0 for all x, and that for any 0 and any v, there exists
x5 (0) € X*(0) such that, for all sufficiently-small € > 0, there exist x}(0 + cv) €
X*(0 + ev), such that we have f(x}(0 + cv),v) — f(2*(0),v). Then we have

sup O, f(x*,0) = maxe) Opf(x*,0) = 0, f(z"(0),0) = 0,V(0). (A.65)

z*eX*(6) z*eX(

Proof. For any ¢, note that

V(O +ev)—V(O) f(a"(0+¢ev),0+ecv)— f(z*(0),0)

2 _ : (A.66)
_ fa (0 +ev),0 + ev) — f(a°(0 + £v)., ) (A.67)
g
N f(x*(6 + ev), 95) — f(z"(0),0) (A.68)
- f(w*(9+sv),0+ev€) — (@0 +v).6) (A.69)
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where the respective term is negative because f(z*(0 + cv),0) < f(z*(),0), which

holds by optimality of 2*(#). Taking limits gives
9,V(0) < f(27(0),v) = 0, f(27(0),6) (A.71)

where the final equality follows from the expression for the Gateaux derivative of
a linear function. Combining this expression with the Lemma [32] shows that the

respective supremum is achieved, and gives the claim. O

A.3 Experimental setup

We implement all experiments in BOTORCH (Balandat et al., 2020). Following
standard practice, we initialize each optimization algorithm with 2(d + 1) values
drawn using a quasirandom Sobol sequence, where d is the dimension of the domain.
All computations were run on CPU, with individual experiments ran in parallel
on various nodes of the Cornell G2 cluster, each allocated up to 4GB of memory,
except for certain exceptions. These exceptions include KG, MSEI, and BMSEI
for higher dimensions, which required substantially more memory, up to 32GB.
Most individual runs took several minutes at most, with exception of the more-

expensive KG, MSEI and BMSEI baselines: more information with a direct runtime

comparison is given in Appendix [A.4.2]

Gaussian process models. In the Bayesian regret experiments shown in Fig-
ure [2.4] we use Matérn kernels with identical fixed hyperparameters—mnamely
smoothness 5/2 and length scale 10~!—for both the Gaussian process prior used
to sample the objective function, and the Gaussian process used for Bayesian
optimization. To maintain consistency, we do not standardize data in this variant.

For the synthetic and empirical experiments shown in Figure and Figure
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we use Matérn kernels with smoothness 5/2 and length scales learned from data via
maximum marginal likelihood optimization, and standardize input variables to be
in [0, 1]¢ along with output variables to be zero-mean and unit-variance, following
BoTorch defaults. Categorical variables in the Pest Control problems are treated as
ordinal variables following (Li et al., [2024), although categorical variables typically
require special treatment (e.g., one-hot encoding or embedding) in Gaussian process
models. In the unknown-cost experiments, we model the objective and the logarithm
of the cost function using independent Gaussian processes. Additional Bayesian
regret experiment results, showing the effect of varying the kernel smoothness and

length scale hyperparameters, are provided in Appendix [A.4.6]

Acquisition function optimization. This is done as follows. We begin by
computing acquisition values at 200d points spread across the domain X, where
d is the dimension of X. For all acquisition functions except MSEI and BMSEI,
which use a modification described below, the initial 200d points are generated
using a Sobol sequence design. From these, 10d points are selected according to
the initialization heuristic used by BoTorch, detailed in Balandat et al. (2020,
Appendix F.1). We then use multi-start L-BFGS-B to optimize the acquisition
function from each selected point. The point with highest acquisition value among

the 10d optimized points is chosen as the next evaluation point.

We now detail the modified strategy used for MSEI and BMSEI: here, the initial
200d points are selected using the warm-start initialization strategy described in
Jiang et al. (2020, Appendix D) and Astudillo et al. (2021, Appendix F). This
strategy uses the optimal solution from the previous iteration, targeting the branch
that originates from the tree’s root and whose fantasy sample most closely matches

the actual observed value of the previously suggested candidate on the true function.
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This modification favors MSEI and BMSEI, slightly disadvantaging PBGI and

other baselines.

Acquisition function hyperparameters. For PBGI, we choose the constant
hyperparameter to be A = 10~%. For PBGI-D, we choose the initial value to be
Ao = 107! and the constant decay factor 8 = 2. For both variants, we compute the
Gittins indices using 100 iterations of bisection search without any early stopping

or other performance and reliability optimizations.

For LogEICC, we follow Lee et al. (2020) to use a; = % as the cost exponent
where B is set to be the cumulative cost cap shown on our plots. For UCB, we
follow the schedule of Srinivas et al. (2009) given by 1, = 2log(dt*n?/66), where d
is the dimension. We also adopt the choice of § = 10~! and a scale-down factor of
5, as used in that work’s experiments. For MSEI and BMSEI, we use 4 lookahead

steps, each with a batch size of 1 and a single fantasy point.

Omitted baselines. We omit MSEI from the Bayesian regret plots for d = 16
with k = 107! and for d = 32 with all length scale choices because we were unable
to get it to work reliably in these settings: the implementation of Jiang et al. (2020))
results in frequent crashes due to running out of memory and related issues when
used on higher-difficulty problems. We also omit KG from d = 32, BMSEI from
the cost-aware Pest Control and Robot Pushing experiments, and MES from the

Bayesian regret experiment with d = 32, for the same reasons.

In addition to the baselines mentioned in Section [2.4, we also implemented
the predictive entropy search (PES) acquisition function of Hernandez-Lobato et

al. (2014)), but could not get its computations to run reliably in an automatic-

134



differentiation-based environment without resulting in NaN gradients. Hernandez-
Lobato et al. (2014) document this behavior, and suggest using finite-differencing
in situations where it occurs: however, from initial examination, we found this
to decrease performance on higher-dimensional problems. We therefore opted to
restrict ourselves to automatically-differentiable baselines and omit PES, to ensure
that performance differences seen can reliably be attributed to the acquisition

functions used, and not to gradient computation.

Objective functions: Bayesian regret. For Bayesian regret, this is straight-
forward: the objective is simply a draw from a Fourier feature approximation of
the respective Gaussian process prior, drawn in such a way that different baselines
with the same random number seed share the same objective, but objectives for
different seeds are different draws from the same prior. We use a total of 1024

Fourier features.

Objective functions: synthetic benchmarks. The synthetic benchmark
functions we use are as follows. We use variants with dimension d = 4, 8,16 in our

experiments.
Ackley: this is

fA(xl, ..,$d) =20—-20 exp —0.2

d
1
EZ x? —exp( Zcos 2w, > +e (A.72)
i=1
with search domain X = [—1,1]%.
Levy: this is fy, = 100ﬁ where

j/’;(xl, oy Tg) = S1+ z:(wZ —1)?(1 4 10sin(mw; + 1)?) + (wq — 1)*(1 + sin(2mw,)?)

(A.73)
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with w; = 1 + 2= and s, = sin(7w;)?, and search domain X = [—10, 10]%.

Rosenbrock: this is fr = 10° fg where

d—1

fR(l’l, eey Id) = 2(100(1’14_1 — JI?)2 + (l’z — 1)2) (A74)

i=1

with search domain X = [—5,10]%.

Cost function. In the cost-aware Bayesian regret and synthetic benchmark

experiments, we use the cost function
c(z) =20||S(x)[|, +1 (A.75)

where S is an affine map used to standardize the input domain: specifically,
S(x) = Az + b where A is a diagonal matrix and b is a vector, both chosen so that

the image of X under S is [0, 1]¢.

Objective functions: empirical. We now detail the empirical objective func-

tions.

Pest Control (d = 25). The pest control problem, as described in Oh et al.
(2019) aims to minimize the spread of pests as well as the costs of prevention
treatment. We adopt the experiment setup from Li et al. (2024)), framing this as a
categorical optimization problem with 25 variables, each representing a stage of
intervention with 5 values reflecting different treatments. The objective function

combines the spread of pests and the costs of prevention.

In our cost-aware experiment, we use the cost of prevention as the cost function.
This can be computed in an automatically-differentiable manner, thus this problem

is a known-cost problem.
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Lunar Lander (d = 12). Following the setup in Eriksson et al. (2019), we consider
a reinforcement learning problem optimizing a controller for the lunar lander as
implemented in OpenAl Gym, which includes 12 continuous input dimensions
for engine throttle adjustments. The state space captures the lander’s position,
angle, time derivatives, and leg contact status. The controller’s actions allow for
directional booster firings or inaction. The objective is to maximize the average

final reward over 50 randomly generated environments.

For cost-aware experimentation, we choose the cost to be the average number of
simulation time steps, assuming batch processing in groups of 16. This assumption
is based on the implementation found in the code associated with Li et al. (2024).
Note that this objective involves the number of actual simulation steps used, and
is therefore not automatically-differentiable: we thus consider this problem to be

an unknown-cost problem.

Robot Pushing (d = 14). In this work, we adapt one of the three versions of the
robot pushing problem designed by Wang and Jegelka (2017), where two robots
work to push two objects to their specified targets. The problem’s complexity is
captured through 14 control parameters, including each robot’s initial placement
and motion settings. The objective minimizes the sum of the distances from the

final position of each object to its respective target.

In our cost-aware experiments, we test both known-cost and unknown-cost
variants. The known-cost variant is the maximum of the two robots’ operational
duration representing the evaluation time, and the unknown-cost variant is the
sum of their traversal distances representing the total energy use, similar to the
cost function used for energy-aware robot pushing benchmark of Astudillo et al.

(2021), but with one modification: we use the distance traversed by the robot
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arms instead of the distance the objects are moved. To understand the effect of

this difference, we include the results for both the unknown-cost and known-cost

versions in Appendix [A.4.4]

A.4 Additional experimental results

Here, we provide additional experimental results to better understand performance
differences and other aspects of policy behavior, including the effect of various

problem hyperparameters.

A.4.1 Impact of log-scaling and numerical stability on EI
and PBGI

Ament et al. (2023)) introduce the LogEI variant of Expected Improvement (EI),
which is equal to the logarithm of EI but incorporates improved numerical properties.
Their work demonstrates that LogEI significantly outperforms EI in practice. In

this appendix, we aim to investigate two key questions:

1. What specific properties of LogEI contribute to its improved performance over

ordinary EI?

2. Can the stable numerical primitives proposed by Ament et al. (2023) also
benefit PBGI?

The LogEI acquisition function, denoted as o"°8¥1(x), is defined as the logarithm
of the EI acquisition function, o®(z), but is computed using a numerical helper
function log h designed to provide better numerical stability. This introduces two

potential sources of improvement for LogEl over EI: (a) the enhanced numerical
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stability due to the use of log_h, and (b) the effect of logarithmic scaling, which
alters the gradients of the acquisition function and may lead to more effective opti-
mization of o°#¥L(z). To disentangle these two factors, we compare not only LogEI
and ordinary EI-—the latter of which we refer to as unstable EI (Unst. EI) in this
section for disambiguation—but also two additional variants: Log(Unst. EI), which
directly applies a logarithmic transformation to unstable EI (log(a®(x))) without
using log_h or other numerical stability tricks, and Exp(LogEI) (exp(a™&¥(x))),
which applies the numerical helper function from LogEI, but then undoes the
logarithmic transformation. For Log(Unst. EI), we compute log(a®™(x) 4+ 107%) to

avoid infinite floating-point evaluations.

To test whether PBGI can benefit from the improved numerical stability, we
also test PBGI and the following variant, which we call stable PBGI (S-PBGI),

which uses the following gradient formula:

N V.o(z) — o(z) Vloge(r) — zlog h(z) V.o(z)

V,.a*TBC(z) = v, u(x) log_h(2)

(A.76)

where log h(z) is given by (9) of Ament et al. (2023). We do not consider
logarithmic scaling of the PBGI acquisition function value because it can be

negative.

From Figure [A.4] we see that the improved performance of LogEI over EI
appears to be mostly attributable to the log-scaling, though the numerically stable
computation provides significant benefit, too. In contrast, there appears to be

little-to-no difference between PBGI and S-PBGI.
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A.4.2 Runtime comparison

Here, we provide a runtime comparison between PBGI with 100 bisection iterations
and various baselines, including inexpensive baselines such as LogEI and TS, and
expensive ones such as MSEI. We do so in the Ackley function setting, using the
same hyperparameter settings as the main experiments. We do not perform any
explicit caching in computing i or o or their gradients, and simply rely on standard
BoTorch routines to obtain these at each iteration. We measure the CPU time (in

seconds) to compute and optimize the acquisition function.

Results are in Figure [A.5] We see that PBGI is slightly slower than LogEI
and TS, but significantly faster than either KG or MSEI, though the runtime
of the latter decreases substantially as it accumulates more data. Overall, we
conclude that PBGI’s runtime is closer to that of classical acquisition functions
than sophisticated lookahead-based variants. If necessary, PBGI’s runtime can
potentially be reduced further by optimizing the computation of Vu and Vo, or

using fewer bisection iterations.

A.4.3 Hyperparameter choice for PBGI-D

Next, we examine the behavior of different hyperparameter choices for Ay and
£ in PBGI-D. Recall that this variant sets \; = % at times when the Gittins
stopping rule triggers, and \; = A\;_; at all other times. To understand this, we
examine regret curves in the Bayesian regret setting of Section with d = 8
under different choices. Results are in Figure [A.6] We see that behavior of different
Ao-values is qualitatively similar to that of different A-values in PBGI, but with

substantially smaller differences between variants, which are detectable primarily
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due to the relatively-large number of seeds in each experiment. Smaller values of
Ao tend to lead to very slightly higher regret on small time scales, but very slightly
lower regret on larger time scales. Behavior for § is similar: larger values lead
to a more gradual decay of A, but with minimal overall impact on performance,
especially in comparison to between-seed variability. We conclude that, in terms
of regret, PBGI-D is less sensitive to hyperparameter choice compared to PBGI,

whose behavior was previously shown in Figure [2.3

A.4.4 Effect of unknown costs

The Robot Pushing empirical benchmark involves two cost functions: a known-cost
variant based on the maximum operational duration, reflecting the evaluation time,
and an unknown-cost variant based on the total distance traversed, a proxy for
energy use similar to the variant considered by Astudillo et al. (2021)). One can
therefore ask: is the resulting algorithm behavior similar in these two settings?
Figure shows that the answer is yes: for both the known-cost and the unknown-
cost settings, LogEIPC, LogEICC, and PBGI-D outperform MFMES and the

non-myopic BMSEI baseline.

A.4.5 Alternative visualization of experimental results:

means and standard errors

Figure gives an alternative version of Figures[2.4] to 2.6} instead of showing the
median and quartiles, it shows the mean and standard error under 95% confidence,
without Bonferroni correction. This can be used, for instance, to assess the influence

of the number of random seeds used on our results.
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A.4.6 Kernel and problem hyperparameters

Choice of kernel. To check whether our results are sensitive to the kernel used
for the Gaussian process model, we replicated the Bayesian regret experiments with
Matérn kernels with smoothness parameters v = 3/2,5/2, as well as the squared
exponential kernel, which is the limit of Matérn kernels as v — oo (Rasmussen and

Williams, |2006a).

Similar to the original results of Figure [2.4] we can clearly see from Figure
and Figure that behavior splits into three regimes:

1. Fasy: d sufficiently-small, most policies achieve similar performance.

2. Medium-hard: d moderate-to-large, both PBGI variants match or outperform

baselines.

3. Very hard: d sufficiently large, no policy outperforms random search.

We also see that d = 32 lands in the very-hard regime for the uniform-cost case
but not for the cost-aware case: intuitively, this occurs because costs can reduce
the effective volume of the search space, since high-cost regions without promising

points can be excluded from search.

This behavior is consistent among different kernels, but where the exact threshold
at which regimes switch differs. In particular, for the squared exponential kernel,
the separation between the medium and the hard regime appears earlier than for
the other variants: all policies there have similar performance to random search

when d = 16.
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Choice of length scale. To check whether our results are sensitive to the
Gaussian process model’s length scale, we compare x = 107! with k = 5- 107!
and xk = 10°. From Figure and Figure [A.12] which show uniform-cost and
cost-aware results, respectively, we can see that PBGI variants’ performance tends
to improve relative to most baselines as dimension increases in both scenarios.
Since k = 10° and k = 5 x 107! result in easier problems than x = 107!, in the
uniform-cost case under d = 32, these two length scales land into the medium-hard

regime rather than the very-hard regime.

Synthetic benchmark dimension. To better understand the effect of problem
dimension in settings outside of Bayesian regret, we repeat the synthetic benchmark
experiments with d = 4, d = 8 and d = 16. Results in Figure [A.14] Since d = 4
and d = 8 are less-difficult, PBGI-D usually performs comparably to baselines,
while PBGI either under-performs or over-performs, depending on the objective.
This behavior might be explainable by PBGI’s sensitivity to hyperparameters in

comparison with PBGI-D, whose performance is more-uniform.
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Figure A.2: Comparison between three acquisition functions, namely Expected
Improvement (EI), Pandora’s Box Gittins Index (PBGI) with a large A-value of
A = 10°, and Pandora’s Box Gittins Index with a small A-value of A = 107°. All
three are computed using the same posterior distribution with four data points.
The maximum is shown as a large dot.

Prior Distribution Cost Function Log Regret
1 10 4-10°
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-1 0 2-107¢
{ T T T 1 { T T T 1 I L
-5 0 ) -5 0 5 0 10 20 30 40
—— Log Expected Improvement (cost-unaware) = —— Pandora’s Box Gittins Index

Figure A.3: A Bayesian optimization problem with varying costs on which LogEl, a
numerically stable implementation of EI-—which by construction ignores costs—has
poor performance. See Section 2.4 and Appendix for additional details. Like
Figure [2.2] this construction also mirrors Astudillo et al. (2021, Section A). The
domain is X = [—500, 500], which we visualize on the subinterval [—5,5]. Left:
illustration of the non-uniform prior variance, which is given by a Matérn-5/2 kernel
scaled by a narrow bump function, plus a constant. Center: the cost function,
which is a narrow bump-shaped function. Right: regret curves, shown as medians
and quartiles.
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Figure A.4: Experimental results comparing the impact of log-scaling and numerical
stability on the performance of EI and PBGI, tested on Bayesian regret with d = 16
and shown using quartiles. We see that Exp(LogEl) is close to Unst. EI, and
similarly for S-PBGI vs PBGI. However, Log(Unst. EI) improves significantly over
EI, and LogEI improves even more.
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Figure A.5: Runtime comparison of PBGI against baselines for computing the
acquisition function on the Ackley benchmark across different dimensions (d =
4,8,16). We see that runtime of PBGI is slower than LogEl and TS, but faster
than KG and MSEIL.
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Figure A.6: Behavior of PBGI-D under different choices of the initial value A,
and the coefficient of decay [, on the Bayesian regret experiment with d = 8 and
other parameters set the same way as in Section 2.4 We show medians under
n = 256 samples, along with quartiles to assess variability. We see that smaller
Ao-values act similarly to the behavior seen in Figure for PBGI, trading off
risk-seeking vs. risk-averse behavior, but with a substantially smaller gap between
the two variants. Larger -values lead to more-abrupt decay curves for A, with an
effect qualitatively similar to \g. In both cases, though our relatively-large sample
size allows us to see small differences between methods, their overall impact on
performance is close-to-nonexistent on the scale of variability.
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Figure A.7: Experimental results for the Robot Pushing empirical benchmark,
with the known-cost variant (left) and unknown-cost variant (right). We see that
LogEIPC, LogEICC, and PBGI-D performing best in both cases.
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Figure A.8: Regret curves for the Bayesian regret and synthetic benchmark experi-
ments, as well as best observed values for the empirical experiments, showing using
means (solid lines) and two times standard errors (shaded regions). See Figures

to for details.
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Figure A.9: Comparison of Bayesian regret across Gaussian process priors with
different kernels over different dimensions, in the uniform-cost setting. All length
scales are K = 107!, We see that overall behavior is similar, but the precise
thresholds at which each example switches between the easy, medium-hard, and
very hard regimes differ.
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Figure A.10: Comparison of Bayesian regret across Gaussian process priors with
different kernels over different dimensions, in the cost-aware setting. All length
scales are K = 107!, We see that overall behavior is similar, but the precise
thresholds at which each example switches between the easy, medium-hard, and
very hard regimes differ.
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Figure A.11: Comparison of Bayesian regret across different length scales and
dimensions, with a Matérn-5/2 kernel, in the uniform-cost setting. We see similar
overall behavior, but each example switches between the easy, medium-hard, and
very hard regimes at different precise thresholds.
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Figure A.12: Comparison of Bayesian regret across different length scales and
dimensions, with a Matérn-5/2 kernel, in the cost-aware setting. We see similar
overall behavior, but each example switches between the easy, medium-hard, and
very hard regimes at different precise thresholds.
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Figure A.13: Comparison of regret for synthetic benchmark functions under different
dimensions, in the uniform-cost setting. We see that most methods perform similarly
for d = 4, with differences between the most-competitive methods emerging as
dimension increases to d = 8 and d = 16.
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Figure A.14: Comparison of regret for synthetic benchmark functions under different
dimensions, in the cost-aware setting. We see that most methods perform similarly
for d = 4, with differences between the most-competitive methods emerging as
dimension increases to d = 8 and d = 16.
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APPENDIX B
SUPPLEMENT TO CHAPTER 3

B.1 Theoretical Analysis and Calculations

In the following lemma, we prove a point-wise lower bound on the expected
improvement before stopping for our recommended pairing of PBGI/LogEIPC

stopping rule paired with either PBGI or LogEIPC acquisition function[]

Lemma 3. Let X be compact, and let f : X — R be a random function with
prior mean pu(-). Consider a Bayesian optimization algorithm that begins at some
initial point 1 € X with cost C' = c(x1), acquires subsequent points using ei-
ther the PBGI or LogEIPC' acquisition function, and terminates according to the
PBGI/LogEIPC stopping rule. Let 7 = mings;{sup,cx a;®" < (z) < 0} be the
algorithm’s stopping time, and denote the posterior expected improvement function

by a?l(x) = Elfjo10 1. (x;95.). Then, for allt < T, ozfl(xtﬂ) > c(xpyq).

Proof. While stopping has not occurred, meaning ¢ < 7, by the stopping criteria
definition we have max,ex a(z)/c(z) > 1. Hence, there exists at least one point

with of(z)/c(x) > 1. We now argue for each algorithm.

PBGI. For each x we defined a threshold of B¢ (z) by El (s, , 4., (25 af B (z)) =
c(z). Since Elj|,, 4., is increasing in its second argument,

Vie = of (1) <= ) (x)/c(z) > 1. (B.1)

The existence of a point with ratio at least 1 therefore implies that the set S§; =

{x :yt, > aPB9(2)} is non-empty. PBGI chooses z;,, with the smallest threshold,

n fact, any acquisition function (e.g., expected improvement-cost (EIC) (Hu et al., |[2025))
that ensures the one-step expected improvement is worth the evaluation cost before the stopping
time 7 can apply here.
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and thus

OétEI(l’tH) = EIf|x1:t7y1:t ($t+1; yf:t) > EIf|ﬂ71:t7yl:t (xt+1; OétPBGI(l’tH)) = C(l’tﬂ)-

(B.2)

(Log) EIPC. By definition z;,; maximizes log(af'(z)/c(x)) and of'(x)/c(z),

hence af(z;41) > c(wi41).

Thus for both algorithms, we have

M (2p41) > c(241), forall t < 7. (B.3)

We can now use Lemma [3| to prove the following theorem, where we show that
our PBGI/LogEIPC stopping rule (paired with the PBGI or LogEIPC acquisition
function) also achieves cost-adjusted simple regret no worse than a naive baseline—

stopping-immediately (Immediate).

Theorem 4. Consider the setting and algorithm specified in Lemma[3. Let U :=
w(zy) — Elmingex f(z)] < oo, then the algorithm’s expected cost-adjusted simple

regret 1s bounded by

T

E |y;., —gél)l(lf(l’) —i—Zc(xt) <E| o —géi)t{lf(x) + c(z1) |=U+C.

t=1

s

cost-adjusted regret of immediate stopping

(3.12)

Proof. We treat the two algorithms—meaning, the two acquisition function and
stopping rule pairs—together and write F; = o({x;,y;}'_;) for the filtration gener-
ated by the observations. Since we are minimizing, the one—step improvement after

iteration ¢ is y7,_; — y}.;, where recall that yj, = min;<,<; y;. By our assumption
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about the random function f, Elyi ;] = u(x1) and the quantity yi; — mingex f(x)

has finite expectation U < oo. Denote the posterior expected improvement function

as QFI( ) = EIf‘zl:t,ylzt ($? yT:t)'

By Lemma [3| c(z;) < of)(z;) for all t < 7. Set Ay = yi,,_, — yi, > 0 for

2 <t < 7. Conditional on F;_; and the choice of x;, we have
E[At ‘ ‘/_"tfl, xt] = Oé?_Il(l't). (B4)

Taking expectations and summing up from 2 to 7,
Z ay(z)| = Z Lir<n) afll(xt)]
=

= E Z ]-{tST} E[At | ft,b xt]]

Lt=2

=E[> lu<n A
t=2

- ]E i At
L t=2

(tower property)

=E[y11 — vi.]- (B.5)

Summing (B.3)) over ¢ < 7, taking expectations, and applying (B.5)), we have

EC$t Eatlxt

t=2

Adding the term yj.. on both sides of - ) gives

E <E

E|yi, + ) _clw)| <Elyial. (B.7)
Finally, adding ¢(z1) to both sides and subtracting E[min,cx f(x)] yields

E |y, — min f(z +Z:m ﬁlmwu+mﬂ

zeX

~ By — i ) + (o)
:u@Q—Eme(ﬂ+EM%ﬂ

rzeX

—U+C,
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since E[y;] = u(xy), C = ¢(x1), and U = p(z1) — E [mingex f(z)]. This is ex-
actly (3.12]). O

Remark 34. The quantities U and C' depend on the choice of the initial point ;.

Choosing x1 to minimize u(xy) + c(x1) yields a tighter bound.

Remark 35. In practice, one may center the objective by replacing f(x) with f(z)—
w(x) and then using a zero-mean GP prior. This changes only the parameterization
of the posterior mean (which can be shifted back by pu(x)) and does not affect the

implementation of the acquisition functions or stopping rules.

Notably, this guarantee may not hold for other acquisition—stopping rule pairings.
Moreover, in the worst case, this is the best guarantee we can hope for—for instance,
the evaluation costs can be uniformly high and no point is worth evaluating. We

now formalize this worst-case regime.

Proposition 36 (Immediate stopping is optimal under large costs). Suppose the
objective function is bounded as f(x) € [a,b] for all x € X, and define B :=b — a.
Consider any Bayesian optimization policy that starts from an initial evaluation x,

and may take additional evaluations. If the evaluation cost satisfies
clx) > B foradlze X, (B.8)

then the policy that stops immediately after the initial evaluation is optimal with

respect to expected cost-adjusted regret.

Proof. Let mum denote the policy that stops immediately after the initial evaluation
x1, and let ™ be any other policy with stopping time 7 > 1. Recall that the cost-

adjusted simple regret is

R.(7):=E| min f(x;) —min f(x) + Z c(zy) | . (B.9)

1<t<r T€X
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Since y; = f(z1) and f(z) € [a,b] for all x € X, we have

0<%y —minf(z) <b—a=B. (B.10)

reX -

The immediate-stopping policy has 7 = 1, so

Re(Timm) = E|y1 — min f(x) + ¢(xy) | . (B.11)

TeEX

Now consider an arbitrary policy .

If 7 = 1, then 7 coincides with immediate stopping and incurs the same

cost-adjusted simple regret.

If 7 > 2, then the simple regret term is nonnegative, and the policy incurs at

least one additional evaluation beyond z;. Hence,

T

min f(z;) — min f(z) + Zc(xt) > c(x1) + c(xq). (B.12)

1<t<r TEX
t=1

Using ¢(z) > B for all z,

c(z1) + c(x2) > c(z1) + B > c(z1) + (y1 — min f(z)). (B.13)

TeEX

Therefore, in all cases,

T

quin f(z;) — min f(z) + ; c(w) 2 yr —min f(2) + c(21). (B.14)

Taking expectations yields
RC<7T) 2 Rc(ﬂ'imm)y (B15)
which proves optimality of immediate stopping. O

Corollary 5. Consider the setting and algorithm specified in Lemma[3. Then the

expected cumulative cost of the algorithm is bounded by E[Y";_ c(x)] < U + C.
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Further, if evaluation costs are uniformly bounded below by a constant cy > 0, i.e.,

c(x) > co,Vr € X, then for any 6 € (0,1), the algorithm terminates in at most

u+c

o lterations with probability 1 — 9.

Proof. Immediately by Theorem [4] and the fact that yj., — min,cx f(z) > 0 point-

wise, we have that the expected cumulative cost of the algorithm

Z c(x)

t=1

E <U+C. (B.16)

By Markov’s inequality, for any ¢ € (0, 1),

- U+C
P < >1—o.
T [Z c(xy) < 5 >1-9
t=1
Since ¢(x) > ¢ for all t < 7, it follows that
T T C(J,’t) 1 T
T = Zl < Z =— ) c(xy)
t=1 = 0 €=
Therefore,
Pr[rgU—FC}zPr 1 c(xt)§U+O = Pr c(:ct)<U+O >1—-90
- Cp Co =1 - Co =1 )
O

Corollary 7. Consider the setting, algorithm, and notation specified in Lemma[3
and Theorem[{], but with costs rescaled by a factor X > 0: both the acquisition values
and the stopping conditions are computed using Ac(+). For some budget B > C, if
the cost-scaling factor is set to A = BTUC7 then the algorithm’s expected cumulative

unscaled cost satisfies E[Y [, c(z)] < B.

Proof. Since the Bayesian optimization algorithm considers the post-scaling cost,

by Theorem {4 and the fact that yf.. — mingex f(z) > 0 pointwise, we have

Z A-c(zy)

E <E

Yir — IxTéI)I(l flz)+ ZT: A c(xt)] < p(xq)—E [gél)l(l f(x)] +AC = U+XC.
- (B.17)
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Since A = U/(B — C'), we have

T

Z c(xt)

t=1

LU+AC U

E
A A

+C=B. (B.18)

]

Remark 37. In the Bayesian regret setting where f is drawn from a Gaussian
process, i.e., f ~ GP(u(-), K), the term U = u(x;) — E[mingex f(z)] can be
further bounded above using classical results on the expected supremum /infimum
of Gaussian processes; see, for example, Lifshits (2012, Theorem 10.1). In many
practical settings, the objective is naturally bounded. For example, in our AutoML

experiments the objective is accuracy, which lies in [0,100]. This implies

U=u(z)—E {minf(x)} < 100, (B.19)

zeX

providing a simple and interpretable upper bound on U.

B.2 Experimental Setup

All experiments are implemented based on BoTorch (Balandat et al., [2020). Each
Bayesian optimization procedure is initialized with 2(d + 1) random samples, where
d is the dimension of the search domain. For Bayesian regret experiments, we follow
the standard practice to generate the initial random samples using a quasirandom
Sobol sequence. For empirical experiments, we randomly sample configuration IDs
from a fixed pool of candidates—2,000 for LCBench and 32,768 for NATS-Bench.

All computations are performed on CPU.

Each experiment is repeated with 50 random seeds, and we report the mean
with error bars, given by two times the standard error, for each stopping rule. We

also impose a cap on the number of iterations: 100 for 1D Bayesian regret, 500 for
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8D Bayesian regret, and 200 for empirical experiments. If a stopping rule is not

triggered before reaching this cap, we treat the stopping time as equal to the cap.

Gaussian process models. For all experiments, we follow the standard practice
to apply Matérn kernels with smoothness 5/2 and length scales learned from data
via maximum marginal likelihood optimization, and standardize input variables
to be in [0, 1]¢. For empirical experiments, we standardize output variables to be
zero-mean and unit-variance, but not for Bayesian regret experiments. In this work,
we consider the noiseless setting and set the fixed noise level to be 107%. In the
unknown-cost experiments, we follow Astudillo et al. (2021)) to model the objective

and the logarithm of the cost function using independent Gaussian processes.

Acquisition function optimization. For the 1D Bayesian regret experiments,
we optimize over 10,001 grid points. For the 8D Bayesian regret experiment, we use
BoTorch’s ‘gen candidates torch’, a gradient-based optimizer for continuous acqui-
sition function maximization, as it avoids reproducibility issues caused by internal
randomness in the default scipy optimizer. For the empirical experiments, since
LCBench and NATS-Bench provide only 2,000 and 32,768 configurations respec-
tively, we optimize the acquisition function by simply applying an argmin/argmax
over the acquisition values of the unevaluated configurations, without using any

gradient-based methods.

Acquisition function and stopping rule parameters. For PBGI, we follow
Xie et al. (2024)) to compute the Gittins indices using 100 iterations of bisection

search without any early stopping or other performance and reliability optimizations.
For UCB/LCB-based acquisition functions and stopping rules, we follow the
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original GP-UCB paper Srinivas et al. (2009) and the choice in UCB/LCB based
stopping rules (Makarova et al., 2022; Ishibashi et al., 2023)) to use the schedule
By = 2log(dt*m?/66), where d is the dimension. We also adopt their choice of

§ = 107! and a scale-down factor of 5.

For PRB, we follow Wilson (2024)) to use the schedule N, = max([64 %
1.5171],1000) for number of posterior samples, risk tolerance § = 0.05. The
error bound e is set to be 0.1 for Bayesian regret experiments and 0.5% of the
best test error (here, the misclassification rate) among all configurations for the

empirical experiments.

For the 8D Bayesian regret experiments, for all acquisition-value-based stopping
rules, we apply moving average over 20 iterations to mitigate the fluctuations
due to the imperfect acquisition function optimization. Figure illustrates the
challenges these oscillations pose when computing stopping rule statistics and
shows the improvement with moving average. For consistency, we also apply the
20-iteration averaging to the non-acquisition-value-based GSS and Convergence

baselines.

Omitted baselines. We omit the KG acquisition function and stopping rule due
to its high computational cost, as they are shown to be computationally intensive

in the runtime experiments of Xie et al. (2024).

Objective functions: Bayesian regret. In all Bayesian regret experiments,
each objective function f is sampled from a Gaussian process prior with a Matérn

5/2 kernel and a length scale of 0.1, using a different seed in each of the 50 trials.
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Figure B.1: Comparison of the raw and moving-averaged PBGI/LogEIPC stopping
rule signals (i.e., the LogEIPC acquisition values) in Bayesian regret 8D experiments
for multiple acquisition functions, with linear cost and stopping thresholds at
log(0.1), log(0.01) and log(0.001). Left: The unaveraged signals exhibits large,
high-frequency fluctuations due to the difficulty of acquisition optimization in high
dimensions. Right: Applying moving average (window=20) smooths these wiggles,
yielding more stable stopping signals.

Objective functions: empirical. In the empirical experiments, the validation
error (scaled out of 100) is used as the objective function during the Bayesian
optimization procedure, while the cost-adjusted simple regret is reported based on

the corresponding test error.

Cost functions: Bayesian regret. In Bayesian regret experiments, we consider
three types of evaluation costs: uniform, linear, and periodic. These costs are
normalized such that E,c(qj4[c(z)] is approximately 1 and their expressions (prior

to cost scaling) are given below.
In the uniform cost setting, each evaluation incurs a constant cost of 1.

In the linear cost setting, the cost increases proportionally with the average
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Figure B.2: Surface plots of cost functions over [0,1]?: (Left) Uniform cost of 1
across domain. (Middle) Normalized linear cost increasing with the mean of z; and
x9. (Right) Periodic cost with @ = 2, § = 2, normalized by Bessel-based factor.

coordinate value of the input:

| 1420 (320, @)
linear cost(z) = 5 . (B.20)

In the periodic cost setting, the evaluation cost fluctuates across the domain.

Following (Astudillo et al., [2021)), we define the periodic cost as

exp (% Zle cos (2mB(x; — J?;k)))
[0 (5)]°

where 27 denotes the coordinate of the global optimum of f, and Ij is the modified

(B.21)

periodic_ cost(z) = )

Bessel function of the first kind, which acts as a normalization constant. We set
a =2 and 8 = 2 to induce noticeable variation in cost across the domain, while

ensuring that costly evaluations can still be worthwhile.

A visualization of the three cost functions is provided in Figure

Cost functions: empirical. In the unknown-cost experiments, we treat runtime—
meaning, the provided full model training time (200 epochs for LCBench and 90

epochs for NATS)—as evaluation costs (prior to cost scaling).
In the known-cost experiments, for LCBench, we estimate the runtime cost from
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Figure B.3: Empirical relationship between the number of model parameters and
runtime for three LCBench datasets. Each subplot shows a scatter plot of actual
runtime (y-axis) against number of model parameters (z-axis), along with a fitted
linear regression line. The observed linear trend supports using 0.001 times the
number of model parameters as a proxy for runtime. For Fashion-MNIST and
adult, the fitted slopes are close to 0.001. The slope for higgs is slightly higher,
possibly due to a few outliers.

the number of model parameters p. Specifically, for the first three datasets in the
six-dataset lite version, we use 0.001 times the number of model parameters as a
proxy for runtime. This proxy is motivated by our observation of an approximately
linear relationship between the number of model parameters and the actual runtime,
with slope close to 0.001 (see Figure . For the full 35-dataset version, where
the slope varies across datasets, we instead use a regression-derived coefficient «
and the proxy cost is ap. Importantly, the number of model parameters can be
computed in advance, before the Bayesian optimization procedure, based on the

network structure and classification task, as we explain in detail below.

In a feedforward neural network like shapedmlpnet with shape ‘funnel’; the
model parameters are determined by input size (number of features), output size
(e.g., number of classes), number of layers, size of each layer. The input size and

output size are given by:

e Fashion-MNIST:
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— Input dimension: 784 (each image has 28x28 pixels, flattened into a

vector of length 784)

— Number of Output Features (output feat): 10 (corresponding to 10
clothing categories)

e Adult:

— Input Dimension: 14 (the dataset comprises 14 features, including both
numerical and categorical attributes)

— Number of Output Features: 1 (binary classification: income > 50K or
< 50K)

e Higgs:

— Input Dimension: 28 (each instance has 28 numerical features)

— Number of Output Features: 1 (binary classification: signal or background

process)

The number of layers (num_layers) and size of each layer (max unit) can be
obtained from the configuration. With these information, we can compute the total
number of model parameters (weights and biases) based on the layer-wise structure

as follows:

layer params,_,,,, = layer; - layer; ; + layer, , (weights + biases) (B.22)

-1

model params = Z layer _params;_,; (B.23)
i=0

where layer, = input dim, layer, = output feat (B.24)

Similarly for NATS-Bench, we use o« x F' 4+  as a proxy for runtime (see

Figure for a visualization of the linear relationship), where F' is the number
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cifar10-valid cifar100 ImageNet16-120

Slope: 1.20e+00 Slope: 2.07¢+00 Slope: 8.29¢-01
700 Intercept: 3.91e+02 Intercept: 5.43e+02 Intercept: 1.02¢+03
15
[}
£ 2
£ : 10 g
Z o g
< 5
1 2 1 2 1 2 0
FLOPs le2 FLOPs le2 FLOPs le2

—— Linear Fit

Figure B.4: Empirical relationship between the number of FLOPs and runtime for
the three NATS-Bench datasets. Each subplot shows a heatmap of actual runtime
(y-axis) against number of FLOPs (z-axis), along with a fitted linear regression line.
The observed linear trend supports using a x #FLOPs + (3 as a proxy for runtime.

of floating point operations (FLOPs). Specifically, for cifar10-valid, we set o = 1,
B = 400; for cifar100, we set a = 2, = 550; and for ImageNet16-120, we set

a =1, 8 =1000.

FLOPs can also be computed in advance, as it is determined solely by the archi-
tecture’s structure and the fixed input shape. Specifically, they are precomputed
and stored for each architecture. Since each architecture corresponds to a determin-
istic computational graph and all inputs (e.g., CIFAR-10 images) have a fixed shape,
the FLOPs required for a forward pass can be calculated analytically—without

executing the model on data.

B.3 Additional Experiment Results

In this section, we present additional experimental results to further evaluate the
performance of different acquisition-function—stopping-rule pairs across various
settings. We also include alternative visualizations to aid interpretation of the

results.
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Figure B.5: Evolution of per-iteration computation time (in log scale) for dif-
ferent stopping stopping rules when paired with six acquisition policies on the
8-dimensional Bayesian regret benchmark. Each subplot shows the average runtime
(in seconds) over 50 iterations under one acquisition function—LCB, Thompson
Sampling, LogEIPC, PBGI(A = 107!), PBGI(A = 1072), and PBGI(A = 1073).
Curves correspond to four stopping criteria: our PBGI/LogEIPC stopping rule,
SRGap-med, UCB-LCB, and the probabilistic regret bound (PRB). Convergence
and GSS can be applied using only the best observed value and thus require no
additional computation time, thus they are omitted here. LogEIPC-med relies on
the same underlying statistical computations as the LogEIPC rule, and therefore its
runtime is not measured separately. The results should that PRB incurs significant
computational overhead compared to other stopping rules.

B.3.1 Runtime Comparison

First, we compare the runtime between our PBGI/LogEIPC stopping rule with
several baselines. We measure the CPU time (in seconds) of the computation of the

stopping rule, excluding the acquisition function computation and optimization.

From results in Figure we can see that our PBGI/LogEIPC stopping rule is
roughly as efficient as SRGap-med and UCB-LCB. In contrast, PRB is significantly

more time-consuming, as it involves optimizing over up to 1000 samples.
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B.3.2 Order of Stopping and Posterior Updates

Following the discussions in Section we always compute our proposed stopping
rule with respect to the optimal acquisition function value of the next round—mnamely,
the one which is obtained after posterior updates have been performed. One could
alternatively consider checking the stopping criteria before posterior updates, which
is backward-looking rather than forward-looking. Figure provides an empirical
comparison between the two choices, showing that stopping after the posterior

update leads to stronger empirical performance.

This suggests that the theoretical guarantee for the Gittins index policy in the
correlated Pandora’s Box setting by Gergatsouli and Tzamos (2023), which is based
on the before-posterior-update stopping, could potentially be improved by adopting

the after-posterior-update stopping.

B.3.3 Additional Experiment Results: Empirical

This subsection presents additional results for hyperparameter optimization on
the LCBench datasets and neural architecture—size search on the three NATS-
Bench datasets. For LCBench, we provide results for the first three datasets from
the six-dataset lite version of the benchmark: Fashion-MNIST, adult, and higgs
under alternative settings (fixed budget, actual runtime, and unknown cost), along
with an alternative visualization. We also include per-dataset results under the

proxy-runtime setting for the full set of 35 datasets.

Simple regret under the fixed-budget setting. To isolate the effect of the

acquisition function on cost-adjusted regret, we report the simple regret of several
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Figure B.6: Illustration of a single draw from a Matérn-5/2 Gaussian process
on [0, 1] with lengthscale 0.1, optimized using PBGI acquisition function under
uniform cost and cost-scaling factor A = 0.01. We compare two variants of PBGI
stopping rules: the before-posterior-update (this-round) stopping rule and the after-
posterior-update (next-round) stopping rule. Left: The latent objective function
(solid gray) and evaluation sequences for before-posterior-update stopping (blue
circles) and after-posterior-update stopping (orange crosses). The dotted blue line
and the dashed orange line mark the best observed value under each respective rule.
Right: Cost-adjusted regret for each stopping rule. In this example, after-posterior-
update stopping achieves strictly lower cost-adjusted regret despite performing more
evaluations.

acquisition functions in the fixed-budget setting. We compare LogEIPC, PBGI,
LCB, and TS, and additionally include PBGI-D with our recommended choice
Ao = U/(B — C) from Section [3.3.1, where U = 50 (reflecting the [0,100] range of
classification accuracy) and B — C' = 10,000 (corresponding to a budget after initial
evaluation of 10,000 seconds, or roughly 3 hours). Cost-aware methods (LogEIPC
and the PBGI variants) outperform cost-unaware ones (UCB and TS), with PBGI
at smaller \ consistently better than LogEIPC. This mirrors the findings of Xie et al.
and helps explain the strong performance of the matched PBGI combination

in our main experiments.
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Figure B.7: Comparison of simple regret of five acquisition functions: LogEIPC,
PBGI(A = 107%), LCB, TS, and PBGI-D on LCBench datasets, using scaled proxy
runtime as evaluation cost. We can see that indeed the cost-aware LogEIPC and
PBGI outperforms the cost-unaware UCB and TS. PBGI-D with out recommended
Ao is also competitive.

Number of trials where stopping fails. We count the number of trials in
which a stopping rule fails to trigger within our iteration cap of 200 and present
the results in Table B.1] From the table, we observe that on datasets from the
NATS benchmark, regret-based and acquisition-based stopping rules—except for
ours—often fail to stop early. On LCBench datasets, some regret-based stopping
rules such as SRGap-med and UCB-LCB also frequently exceed the cap. In contrast,
our stopping rule consistently stops early, which aligns with our theoretical result

in Corollary [7]

Alternative visualization: cost-adjusted simple regret vs iteration. We
provide an alternative visualization of cost-adjusted simple regret by plotting its
mean and error bars at fixed iterations, along with the mean and error bars of the
stopping iterations for each rule. This allows us to compare the performance of

adaptive stopping rules not only against the hindsight-optimal adaptive stopping
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Table B.1: Number of trials (out of 50) where each stopping rule failed to trigger
within 200 iterations, for each dataset in the LCBench (first three) and NATS
(last three) benchmarks and each acquisition function. Results are identical across
acquisition functions.

LogEIPC- SRGap- UCB- Conver-
Dataset PBGI med med LCB GSS gence PRB
Fashion-MNIST 0 0 0 50 0 0 0
adult 5 0 7 38 0 0 6
higgs 0 0 31 50 0 0 0
Cifar10 0 32 50 50 0 0 26
Cifar100 3 17 50 50 0 0 2
ImageNet 0 23 50 50 0 0 0

but also against the hindsight-optimal fixed-iteration stopping.

As shown in the empirical setting in Figures to cost-adjusted regret
generally decreases in the early iterations and then increases. The turning point is ex-
actly the hindsight-optimal fixed-iteration stopping point, and our PBGI/LogEIPC
stopping rule consistently performs close to this optimum, particularly when paired

with the PBGI acquisition function.

Cost model misspecification: proxy runtime vs actual runtime. In the
known-cost setting of hyperparameter tuning, a practical approach is to use a proxy
for runtime as the evaluation cost during the Bayesian optimization procedure.
In our case, we use the number of model parameters scaled by a constant factor,
which can be known in advance and has been shown to correlate well with the
actual runtime. However, for reporting performance, one may prefer to use the
actual runtime to better reflect real-world cost. To assess the impact of this cost
model misspecification, we compare the cost-adjusted simple regret obtained when
evaluation costs are computed using either the proxy runtime or the actual runtime.

As shown in Figure [B.14] our PBGI/LogEIPC stopping rule remains close to the
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Figure B.8: Comparison of cost-adjusted simple regret across acquisition function
and stopping rule pairs on the Fashion-MNIST dataset. The objective function
is the validation error, and the evaluation cost is the proxy runtime, scaled by
three different cost-scaling factors A = 1072,107%,107°. We can see that the
PBGI/LogEIPC stopping rule consistently achieves cost-adjusted regret close to
the hindsight optimal adaptive stopping (shown by the red marker) as well as the
hindsight optimal fixed-iteration stopping (given by the minimum point along the
fixed-budget curve) when paired with the PBGI acquisition function, though not
always the best.

hindsight optimal even when there is a misspecification, although its ranking may

shift slightly (e.g., from best to second-best on the higgs dataset).

Unknown-cost. Astudillo et al. (2021, Proposition 2) proposed modeling un-

known cost ¢(x) via

E[1/c(2)]™" = exp(pme(z) = (0me(@))*/2). (B.25)
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Figure B.9: Comparison of cost-adjusted simple regret across acquisition function
and stopping rule pairs on the adult dataset. The objective function is the validation
error, and the evaluation cost is the proxy runtime, scaled by three different cost-
scaling factors A = 1073,107%,107°. We can see that the PBGI/LogEIPC stopping
rule consistently achieves the cost-adjusted regret close to hindsight optimal adaptive
stopping (shown by the red marker) as well as the hindsight optimal fixed-iteration
stopping (given by the minimum point along the fixed-budget curve) when paired
with the PBGI or TS acquisition function, particularly with PBGI.

An alternative is
]E[C(I)] = eXp(Mlnc($) + (UIHC(x))2/2>‘ (B'26)

The difference in sign before the variance term reflects how each formulation han-
dles predictive uncertainty: encourages more exploration than (B.26)). For
PBGI under the unknown-cost setting, it is more natural to replace ¢(x) in
with E[c(x)] using (B.26), as this aligns with how costs enter the root-finding
problem. For LogEIPC, both variants are possible—we refer to the version

as LogEIPC-inv and the (B.26|) version as LogEIPC-exp. However, equivalence
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Figure B.10: Comparison of cost-adjusted simple regret across acquisition function
and stopping rule pairs on the higgs dataset. The objective function is the validation
error, and the evaluation cost is the proxy runtime, scaled by three different cost-
scaling factors A = 1073,107%,107°. We can see that the PBGI/LogEIPC stopping
rule consistently achieves the best cost-adjusted regret when paired with the
LogEIPC, PBGI, or TS acquisition function, particularly with PBGI. These pairs
not only approach the hindsight optimal adaptive stopping (shown by the red
marker) but also perform comparably to the hindsight optimal fixed-iteration
stopping (the minimum point along the fixed-budget curve).

between PBGI and LogEIPC stopping rules and our theoretical guarantees hold

only with (B.26) but not with (B.25]). Accordingly, we use (B.26|) for both methods

in our experiments to maintain consistency and preserve this equivalence. Fig-
ure shows performance of acquisition function and stopping rule pairs under

the unknown-cost setting, which are qualitatively similar to the known-cost setting.
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Figure B.11: Comparison of cost-adjusted simple regret across acquisition function
and stopping rule pairs on the cifari0-valid dataset. The objective function is
the validation error, and the evaluation cost is the proxy runtime, scaled by
three different cost-scaling factors A = 107%,107°,107%. We can see that the
PBGI/LogEIPC stopping rule consistently achieves the best cost-adjusted regret
when paired with the LogEIPC, PBGI, or TS acquisition function, particularly
with PBGI. These pairs not only approach the hindsight optimal adaptive stopping
but also perform comparably to the hindsight optimal fixed-iteration stopping.

Cost-adjusted simple regret of all LCBench datasets. Due to space con-
straints, for LCBench, Figure in the main text reports min-max normalized

cost-adjusted simple regret, defined as

P Tmin (B.27)

Tmax — Tmin
where r denotes cost-adjusted regret of a given acquisition function—stopping
rule pair, and 7y, and 7.y are the minimum (including the hindsight optimal)

and maximum cost-adjusted regret across all pairs. This normalization enables
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Figure B.12: Comparison of cost-adjusted simple regret across acquisition function
and stopping rule pairs on the cifar100 dataset. The objective function is the
validation error, and the evaluation cost is the proxy runtime, scaled by three
different cost-scaling factors A = 1074,107°,107%. The PBGI/LogEIPC stopping
rule remains competitive at A = 107 and 107%, though not always the best.
At A = 1077, unlike in most experiments, it stops noticeably late (though still
outperforming several other rules), even when paired with its matching acquisition
function. By Lemma [3| under model match, the PBGI/LogEIPC rule with the
corresponding acquisition function should never incur negative expected cost-
adjusted regret before stopping. The suboptimal behavior observed here points to
significant model misspecification on the cifar100 dataset.

aggregation across datasets with different regret scales.

Here we present the unnormalized bar-plot results for each LCBench dataset
(OpenML dataset size in parentheses) under all three cost-scaling parameters in
Figures to . As discussed in the main text, our PBGI/LogEIPC stopping
rule—when paired with either PBGI or LogEIPC—achieves competitive perfor-

mance on roughly 75% of the 35 datasets. However, the matched PBGI pair consis-
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Figure B.13: Comparison of cost-adjusted simple regret across acquisition function
and stopping rule pairs on the ImageNet16-120 dataset. The objective function
is the validation error, and the evaluation cost is the proxy runtime, scaled by
three different cost-scaling factors A = 107%,1075,107%. The PBGI/LogEIPC
stopping rule remains competitive at A = 107* and 10%, though not always
the best. At A\ = 107°, unlike in most experiments, it stops noticeably late
(though still outperforming several other rules), even when paired with its matching
acquisition function. By Lemma , under model match, the PBGI/LogEIPC rule
with the corresponding acquisition function should never incur negative expected
cost-adjusted regret before stopping. The suboptimal behavior observed here points
to significant model misspecification on the ImageNet16-120 dataset.

tently underperforms across all three A values on the following datasets (see subplots
with light grey background in Figures to : Amazon _employee access
(32769), Australian (690), KDDCup09 _appetency (50000), cnae-9 (1080), credit-g
(1000), fabert (8237), and vehicle (846). Three additional datasets, jasmine (2984),
mfeat-factors (2000) and sylvine (5124), show acceptable performance only when

A=107°,
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Figure B.14: Comparison of cost-adjusted simple regret on three LCBench datasets
with A = 107*, using scaled proxy runtime vs. scaled actual runtime as evaluation
cost. While our PBGI/LogEIPC stopping rule performs slightly worse under actual
runtime (e.g., dropping from best to second-best on the higgs dataset), likely due to
cost model misspecification, it remains close to the hindsight optimal in all cases.

With the exception of Amazon employee access (32769) and KDD-
Cup09 appetency (50000), all datasets on which the matched PBGI pair un-

derperforms have fewer than 10,000 instances. This suggests that relatively small

dataset size may contribute to model misspecification and degraded performance.

B.3.3.1 Diagnosing Underperforming LCBench Datasets via Validation—
Test Rank Preservation

We show that the degraded performance of our stopping rule on smaller LCBench
datasets is likely caused by a benchmark-intrinsic val/test mismatch rather than

a deficiency of the rule itself. We classify a dataset as “underperforming” if the
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Figure B.15: Cost-adjusted simple regret across acquisition function and stopping
rule pairs under the unknown-cost setting on LCBench with A = 10™*. Our
PBGI/LogEIPC stopping rule remains close to the hindsight optimal when paired
with the LogEIPC-exp or PBGI acquisition function, sometimes slightly worse than
heuristics such as GSS and Convergence. It is also slightly worse than Immediate
on Adult, likely due to a cost-model misspecification in the unknown-cost setting.

cost-adjusted simple regret (at A = 10™*) of the matched PBGI pair does not
rank among the top three PBGI-based acquisition function-stopping rule pairs
formed by the seven non-trivial stopping rules we study. Formally, let S =
{PBGI/LogEIPC, LogEIPC-med, SRGap-med, UCB-LCB, PRB, GSS, Convergence}
(excluding the Immediate and Hindsight baselines), and let r4(s) =
REA:10_4)(PBGI, s;d) denote the mean cost-adjusted regret of PBGI paired with
rule s on dataset d. With py := |{s € S : rq(s) < rq(PBGI/LogEIPC)}| the
within-dataset rank of the matched rule (rank 1 best), we set

Dto if Pd S 37
deld (B.28)

Dunder lf Pd 2 4.

The LCBench experiments optimize validation error but report test error. We
quantify how faithfully validation ranks transfer to test ranks via the top-k£ overlap

fraction. For dataset d with ng configurations, let w3 7t** € S, be the rankings
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Figure B.16: Cost-adjusted simple regret of all 35 LCBench datasets when A = 1073.
Datasets where the matched PBGI pair underperforms, meaning that it does not
rank among the top three acquisition function—stopping rule pairs by cost-adjusted
simple regret, are highlighted in light grey.

of configurations by validation and test error (ascending, best first); then
Top-k(d \{ i)t (R) Y N gt (1), g (R (B.29)

We take k = 20, comparable to the 200-iteration cap in our experiments and to the

top tail of configurations any adaptive method realistically considers as stopping
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Figure B.17: Cost-adjusted simple regret of all 35 LCBench datasets when A\ = 1072,
Datasets where the matched PBGI pair underperforms, meaning that it does not
rank among the top three acquisition function—stopping rule pairs by cost-adjusted
simple regret, are highlighted in light grey.

candidates.

Figure reports Top-20(d) for every LCBench dataset, color-coded by the

above classification. The Dy,qer datasets have substantially lower val-test rank
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Figure B.18: Cost-adjusted simple regret of all 35 LCBench datasets when A\ = 1075.
Datasets where the matched PBGI pair underperforms, meaning that it does not
rank among the top three acquisition function—stopping rule pairs by cost-adjusted
simple regret, are highlighted in light grey.

preservation than those in Digp:

Top-20|, — =386.1% (n=14,std =35.7%) < Top-20|, =83.6% (n =21, std =23.8%

under

When the validation-selected top-k shares little overlap with the test top-k, no

validation-driven stopping rule can recover test-optimal configurations, so the
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matched PBGI pairing’s apparent underperformance is best attributed to the

benchmark’s intrinsic val/test mismatch rather than to the stopping rule.

S Top-20 Rank Preservation across all 35 LCBench datasets (lambda=1e-4)
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Figure B.19: Top-20 validation—test rank preservation for every LCBench dataset.
Datasets are split into Dypqger (red) and Dy, (green) based on whether the matched
PBGI pair ranks among the top three PBGI-based acquisition function—stopping
rule pairs formed by the seven stopping rules in S at A = 10~%. The dashed line
marks Top-20 = 0.5. Datasets where the matched PBGI pair underperforms also
have markedly lower validation-to-test rank preservation, indicating that their
weaker cost-adjusted regret reflects a val/test mismatch in the benchmark rather
than a failure mode of the stopping rule itself.

B.3.4 Additional Experiment Results: Bayesian Regret

In this section, we present the complete Bayesian regret results. Figures[B.20]to[B.22|
show the 1D experiments, and Figures to show the 8D experiments. Each
figure corresponds to one cost setting (uniform, linear or periodic) and three values
of the cost-scaling factor, A = 107*,1072,1073. In all of the experimental results,
we observe that PBGI/LogEIPC acquisition function + PBGI/LogEIPC stopping
achieves cost-adjusted regret that is not only competitive with the baselines, but
is also competitive regarding the best in hindsight fixed iteration stopping and
often competitive even comparing to hindsight optimal stopping. These results

indicate that our automatic stopping rule can replace manual selection of stopping
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Matern52 1D Iteration vs Cost-Adjusted Regret (uniform cost)
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Figure B.20: Comparison of cost-adjusted simple regret across acquisition function
and stopping rule pairs in the 1D Bayesian regret experiments, with cost-scaling
factor A = 107%,1072, 1072 and under uniform cost. The dashed line in each subplot
represent fixed iteration stopping (e.g., the y-axis value of the line at iteration 50
represent the cost-adjusted regret when always stop at iteration 50).

times without loss in performance. Figures to also show that our
PBGI/LogEIPC stopping rule outperforms other baselines when the cost-scaling
factor A is large, indicating that it’s an especially suitable stopping criteria when

evaluation is expensive.

B.3.4.1 Ablation: Moving-Average Window Size

We ablate the window size W € {1, 5,10, 20} for the PBGI/LogEIPC stopping rule
on the 8D Bayesian regret benchmark, where W = 1 corresponds to no smoothing.
Figures [B.26] to [B.29 show how the window size affects the stopping iteration and
the resulting cost-adjusted regret along a single acquisition-function path under

each cost regime. Aggregate results across 50 seeds for the PBGI/LogEIPC stopping
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Matern52 1D Iteration vs Cost-Adjusted Regret (linear cost)
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Figure B.21: Comparison of cost-adjusted simple regret across acquisition function
and stopping rule pairs in the 1D Bayesian regret experiments, with cost-scaling
factor A = 107%,1072, 1072 and under linear cost. The dashed line in each subplot

represent fixed iteration stopping (e.g., the y-axis value of the line at iteration 50
represent the cost-adjusted regret when always stop at iteration 50).

rule paired with its matched acquisition function under the three cost regimes

(uniform, linear, periodic) are summarized in Figures to[B.32

Across all three cost regimes, applying a moving average consistently improves
cost-adjusted regret when the PBGI/LogEIPC stopping rule is paired with its

matched acquisition function, with the largest gains observed under periodic costs.
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Matern52 1D Iteration vs Cost-Adjusted Regret (periodic cost)
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Figure B.22: Comparison of cost-adjusted simple regret across acquisition function
and stopping rule pairs in the 1D Bayesian regret experiments, with cost-scaling
factor A = 107,102,102 and under periodic cost. The dashed line in each subplot

represent fixed iteration stopping (e.g., the y-axis value of the line at iteration 50
represent the cost-adjusted regret when always stop at iteration 50).
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Matern52 8D Iteration vs Cost-Adjusted Regret (uniform cost)
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Figure B.23: Comparison of cost-adjusted simple regret across acquisition function
and stopping rule pairs in the 8D Bayesian regret experiments, with cost-scaling
factor A = 107,102, 1072 and under uniform cost. The dashed line in each subplot

represent fixed iteration stopping (e.g., the y-axis value of the line at iteration 50
represent the cost-adjusted regret when always stop at iteration 50).
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Matern52 8D Iteration vs Cost-Adjusted Regret (linear cost)
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Figure B.24: Comparison of cost-adjusted simple regret across acquisition function
and stopping rule pairs in the 8D Bayesian regret experiments, with cost-scaling
factor A = 1071,1072, 1072 and under linear cost. The dashed line in each subplot
represent fixed iteration stopping (e.g., the y-axis value of the line at iteration 50
represent the cost-adjusted regret when always stop at iteration 50).
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Matern52 8D Iteration vs Cost-Adjusted Regret (periodic cost)
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Figure B.25: Comparison of cost-adjusted simple regret across acquisition function
and stopping rule pairs in the 8D Bayesian regret experiments, with cost-scaling
factor A = 107,1072, 1072 and under periodic cost. The dashed line in each subplot
represent fixed iteration stopping (e.g., the y-axis value of the line at iteration 50
represent the cost-adjusted regret when always stop at iteration 50).
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Sampling: PBGI(0.01) Acquisition | Stopping: PBGI/LogEIPC Rule
(8D Periodic Cost, Seed=0, 2=0.01)
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Figure B.26: Single-trajectory illustration of how the moving-average window size
W affects the PBGI/LogEIPC stopping signal on the 8D Bayesian regret benchmark
under periodic costs (seed 0, A = 1072), with PBGI (A = 107?) as the acquisition
function. The light grey curve is the raw atLOgEIPC, the blue curve its W-iteration
trailing average, the red dashed line the stopping threshold log A, and the green
star the resulting stopping iteration. Without smoothing (W = 1) the rule fires
early (iter. 24, regret 4.04) on a noisy dip; smoothing defers the trigger and recovers

low cost-adjusted regret (iter. 119, regret 2.78 at W = 20).
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Sampling: LogEIPC Acquisition | Stopping: PBGI/LogEIPC Rule
(8D Periodic Cost, Seed=0, 2=0.01)
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Figure B.27: Single-trajectory illustration analogous to Figure m with the
LogEIPC acquisition function (same seed, same cost regime, A = 1072). Without
smoothing the rule fires at iter. 34 with regret 4.01; with W = 20 it fires at iter. 93
with regret 2.66.
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Sampling: Thompson Sampling (TS) Acquisition | Stopping: PBGI/LogEIPC Rule
(8D Periodic Cost, Seed=0, 2=0.01)
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Figure B.28: Single-trajectory illustration analogous to Figure with Thompson
sampling (TS) as the acquisition function. Unlike the matched-acquisition cases,
smoothing here pushes the stopping iteration later (iter. 71 at W =1 vs. iter. 215
at W = 20) without a corresponding drop in cost-adjusted regret. TS does
not satisfy the expected-improvement-exceeds-cost property of Lemma (3], so the
PBGI/LogEIPC stopping rule has no matched guarantee for it.
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Sampling: LCB Acquisition | Stopping: PBGI/LogEIPC Rule
(8D Periodic Cost, Seed=0, 2=0.01)
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Figure B.29: Single-trajectory illustration analogous to Figure , with LCB as
the acquisition function. The raw LogEIPC signal has a clean transient: smoothing
changes the stopping iteration only slightly (iter. 2 at W =1 vs. iter. 5 at W > 5)
and the cost-adjusted regret stabilizes at 2.73 for all W > 5.
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Average Stopping Time & Cost-Adjusted Regret vs Window Size
(8D Periodic Cost, 2=0.01, 50 seeds)
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Figure B.30: Effect of the moving-average window size W € {1, 5, 10,20} on the
average stopping iteration (blue, left axis) and the average cost-adjusted simple
regret (orange, right axis) for the PBGI/LogEIPC stopping rule on the 8D Bayesian
regret benchmark under periodic costs (A = 1072, 50 seeds, error bars are +2
standard errors). Each subplot fixes one acquisition function. Smoothing yields the
largest cost-adjusted regret reductions for the matched PBGI and LogEIPC pairs,
a smaller reduction for LCB, and no benefit for TS.
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Figure B.31: Aggregate ablation analogous to Figure under uniform costs.
Smoothing slightly reduces cost-adjusted regret for the matched PBGI and LogEIPC

pairs and is roughly neutral for LCB and TS.
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Average Stopping Time & Cost-Adjusted Regret vs Window Size
(8D Linear Cost, 2=0.01, 50 seeds)
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Figure B.32: Aggregate ablation analogous to Figure under [linear costs.
Smoothing reduces cost-adjusted regret for the matched PBGI and LogEIPC pairs
and for LCB, with no benefit for TS.
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APPENDIX C
SUPPLEMENT TO CHAPTER 4

C.1 Theoretical Details

C.1.1 Gaussian Random-Walk Details

We derive the posterior update and the induced random-walk transition used in
Section . Fix an arm and suppress the arm index. Let Y, denote the scalar
observation from the next pull, which may be either a single-example score or a
batch mean. Suppose that after n local pulls the current posterior distribution of

the arm mean is

0| Dy ~ N (n, vn), (C.1)

and that the next observation follows the fixed-noise Gaussian likelihood

Voir | 0~ N6, 72). (C.2)

By Bayes’ rule, the posterior density after observing Y, is proportional to

the likelihood times the current posterior:

PO | Dnia) o< p(Yoga [ 0) p(0 | Do) (C.3)

Substituting the Gaussian likelihood and the current Gaussian posterior gives

(0 | Doyt o exp (-1 [(9 L H)QD . (C.4)

2 Up T2

Expanding the terms that depend on 6,

_ 2 YV . _p)2
(0 — pn) + (Y4 —0) _ (vgl + 7_—2) 0% —9 (@ + Y”“) 0 + const. (C.5)

Uy, T2 Uy, T2
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Thus the exponent is quadratic in €, so the posterior is Gaussian. Matching the

quadratic and linear coefficients with the Gaussian form

exp (—w) (C.6)

27}n+1
gives
n n ?n
T e T = (C.7)
Un+1 Un, T
Therefore,
— —2\—1 Hn, ?n 1
’Un+1 = (’Unl + T 2) , /’Ln+1 = /UTL+1 (U— + 7';_ > . (CS)

Equivalently, the posterior mean update can be written in the incremental form

Hnt1 = fn + (?TL+1 - ,un) . (CQ)

_n
Uy 4 72
This form shows that the new posterior mean moves from the old posterior mean
toward the new observation, with gain

Un

Uy + T2

(C.10)

To describe the posterior mean as a state process, we first compute the predictive
distribution of the next observation. Conditioned on the current data D,,, we may

write

Yn+1 =0 + En+1, 0 | Dn ~ N(Mn, 'Un)7 En+1 ™~ N(O,T2)7 (Cl].)
with 6 and ¢, 1 conditionally independent given D,,. Hence

Yoit1 | Dp ~ N(pin, v + 72). (C.12)

We now view the posterior mean as the Markov state used below. Let .S,, denote
the posterior mean after n local pulls, viewed as a random variable over future
observations. If the current realized state is .S,, = s, then the posterior update gives

Up, By (?nJrl _ 8) ‘ (C.13)

n

SnJrl =5+
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Since

Y1 — 8| Su=s5~N(0,v, + 7%, (C.14)
we have
St | Sy =5~ N(s, (Uﬁﬂ)z (v + 72)> . (C.15)
Therefore,
Spi1 | Sp=8n~ N(s, UHUT’Q‘TQ> ) (C.16)

Finally, under the fixed-noise likelihood, the variance update
Ung1 = (v, + 7'_2)_1 (C.17)

does not depend on the realized observation Y, ;. Therefore the posterior variance
follows a deterministic schedule indexed only by the local pull count n, while the
posterior mean follows the Gaussian random-walk transition above whenever the
arm is selected. Across arms, this schedule is identical only for arms with the same
initial variance and fixed noise level; otherwise each arm has its own deterministic

schedule.

C.1.2 Proof of Bayesian Optimality

Proposition 38 (Restatement of Proposition . Consider the Gaussian Bayesian
bandit model in Sectz’on with independent arms, common prior N (uo, vo), fized
observation noise T2, finite per-arm horizon H, and nonnegative effective costs of
arm pulls ¢ for arms k =1,..., K. Let II" be the class of policies that evaluate
only unfinished arms and may terminate only by recommending an arm that has
reached its finite horizon. For the required-completion objective

Q,;T — i CAt] s (C18)

t=1

sup E,

req

melly,
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an optimal policy is to assign terminal index Gyt = g,z to completed arms, assign
Gt = sz];(t) (Wi (t)) to unfinished arms, and stop when an arm attaining maxy Gy
is completed. Otherwise, the policy evaluates an unfinished arm with largest Gittins
indexr Gy,. At stopping, an optimal recommendation is any completed arm with
largest posterior mean among completed arms, equivalently any completed arm with

largest terminal index.

Proof. We prove the proposition by reducing the required-completion problem to a

Markov chain selection problem. For each arm k, define one local chain:

State. The local state is xy = (sg, ng), where sy is the posterior mean and ny, €
{0,..., H} is the number of observed batches. The terminal states are those
with n, = H.

Action. At each decision time, choose one arm k. Only the chosen arm moves;

every other arm keeps its current state.

Reward. If the chosen arm is unfinished, the immediate reward is —c;. If the

chosen arm is terminal, the process stops and the terminal reward is s.
Transition. If the chosen arm is in state (sg,ng) with ny < H, then its next state

is (S, ng + 1), where

U2
S/ ’ Sk, Nk NN(Sk, L) . (019)

Up,, + T2
The global state is the collection of local states, initialized at ((uo,0), ..., (t0o,0)).

By Eq. (4.8)), the state of arm k can be represented by (fik , ,7%). Under fixed
72, Appendix shows that the posterior mean follows the Gaussian random-
walk transition, so this state is Markov. Conditional on this state, the next state

distribution of arm k is independent of the states and histories of all other arms,

201



and pulling arm k incurs only its own effective cost ¢i. Since s, = E[fy | xx], the
terminal reward is the posterior expected reward from recommending completed
arm k. Thus maximizing expected total reward in the constructed selection problem

is exactly the required-completion objective.

The Gittins-index optimality theorem for Markov chain selection implies that an
optimal policy selects a chain with largest index until a terminal chain has largest
index (Dumitriu et al., 2003bj Scully and Terenin, 2025). Applying this result to
the single-arm value function used to define G¢(s) gives the stated rule. Terminal
chains have index equal to their posterior mean, so when a completed arm attains
the largest index, recommending any completed arm with largest posterior mean

among completed arms gives an optimal terminal reward. O

C.1.3 One-Dimensional Gittins Index Computation

We now spell out the reduction used by the precomputation step in Algorithm [I}
Fix a single arm, suppress the arm index, and let o be the outside terminal
reward available from the other arms. With the cost ¢ fixed and suppressed in the

value-function notation, the terminal value is
Vi (s; a) = max{s,a}, (C.20)

and, for n < H,
Q" (s5a) = =+ E[Voga (Sppis @) | Sy = 5],
QnP(s;a) = a, (C.21)
Va(sia) = max{@Q;" (s; ), @, (s; ) }.
The transition kernel depends only on differences in posterior means:

U2

Spi1 | Sp =5~ N(s,02), 02 = —" (C.22)

"o, + 72
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Proof of Lemma[9 The terminal value satisfies
V(s + B;a+ 8) = max{s + S,a+ B} = Vug(s;a) + . (C.23)

Assume the corresponding shift identity holds for the next-stage value. Since the
transition kernel is Gaussian with additive mean, the next state from s+ [ has the

same distribution as S, 11 + 8 when the current state is s. Therefore
Q" (s + fra+ B) = =+ E[Vapa(Snn + Bia+ 8) | Sn = o]
= —c+E[V1(Sps1; @) + 8| Sn = 3] (C.24)
= QR (s;0) + B

Taking the maximum with the shifted outside reward gives the next-stage value

identity needed for the induction. The result follows by backward induction. [

Corollary [10] follows by applying Lemma [9] with shift 5 = « to the centered

state © = s — a and outside reward 0. Define the centered value
Wy(z) = Vila+z;a) — a. (C.25)
Then the recursion no longer depends on a:
Wy (x) = max{z,0}, (C.26)

and

W,(x) = max{0, ¢, ()}, (C.27)

qn(x) = —c + E[W, 1 (Xni1) | X = 2],

where X, 11 | X, = ~ N(z,02) and the recursion for W, applies for n < H. This
is the one-dimensional dynamic program: for each stage n, the numerical grid is

only over the centered posterior-mean advantage x.
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For comparison with an outside reward «, evaluating an unfinished arm is

worthwhile exactly when ¢, (s — a) > 0. Let 7, denote the crossing point satisfying
Gn(rn) = 0. (C.28)

The Gittins index for cost ¢ is therefore
GS(s) = s —rp. (C.29)

The online policy does not need to store the full two-argument value function.
During precomputation we represent the one-dimensional functions W,, and ¢, on
a grid in order to propagate the recursion backward, but the objects used online

are the roots {r,}-} for each distinct cost and variance schedule.

The conditional expectation E[W,,;1(X,41) | X, = z] in the recursion for g, is
a convolution of the next-stage value grid with a Gaussian transition kernel. On
an evenly spaced grid, this convolution can be evaluated efficiently using the FFT.
Because the resulting index schedule depends only on the fixed cost and variance
schedule, it can be precomputed once offline and reused cheaply during adaptive

evaluation.

C.2 Dataset Details

C.2.1 Dataset Description

GSMS8K and PIQA. For GSM8K and PIQA, we use the response matrices
released with BanditEval (Zhou et al., 2025). The underlying benchmarks are Grade
School Math 8K (GSMS8K) (Cobbe et al., 2021) and Physical Interaction: Question
Answering (PIQA) (Bisk et al., 2020). GSM8K consists of grade-school math word
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problems, while PIQA evaluates physical commonsense reasoning through question

answering.

The BanditEval response matrices are constructed from a collection of publicly
available language models and sampling configurations. In particular, BanditEval
considers 11 models: GPT2, GPT2-Large, CodeLLaMA, Tulu-7B, Tulu-2-7B,
Gemma-7B, Phi2, Llema-7B, LLaMA-2-7B, Mistral-7B, and StarCoder-7B. For
each model, responses are generated using three temperature choices {0,0.5,1},
two maximum decoding lengths {128,512}, and two zero-shot prompting strategies:
directly asking for the answer, and using the chain-of-thought prompt “Let’s think
step by step.” The Cartesian product of these choices yields 11 x 3 x 2 x 2 = 132

possible model—configuration arms.

However, the released response matrices contain some missing configurations.
As a result, the final matrices used in our experiments contain 122 arms for GSM8K
and 103 arms for PIQA. Both GSM8K and PIQA contain 1,000 examples in the
response matrices. Each benchmark is represented by five independently generated
response matrices, corresponding to five random seeds used when querying the
LLMs. Since the benchmark examples and arm set are fixed, the differences across

these matrices mainly reflect randomness in LLM response generation.

AlpacaEval. We use AlpacaEval (Li et al., 2023b)) to evaluate instruction-
following quality. Unlike GSM8K and PIQA, AlpacaEval does nmot use the
BanditEval modelxprompt configuration matrices. Instead, we construct a re-
sponse matrix from the AlpacaEval 2.0 leaderboard comparisons annotated by
weighted_alpaca_eval_gpt4_turbo. Each row corresponds to one Alpacakval

leaderboard model, and each column corresponds to one of the 805 fixed AlpacaEval
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instructions. Entry (k,n) stores the model’s pairwise score against the GPT-4
Turbo baseline on instruction n. These scores are continuous values in [0, 1] derived
from the auto-annotator’s preference probabilities; they are not binary correctness
labels. Accordingly, the finite-matrix target 67 in Eq. is the row mean of

these pairwise scores.

The resulting matrix contains 153 leaderboard-model arms and 805 instruction
examples. It keeps the AlpacaEval pairwise scores as continuous values rather than
converting them to binary outcomes. Each arm is therefore a single leaderboard
model rather than a model xsampling-configuration pair. In contrast to GSM8K
and PIQA, we use one fixed AlpacaEval matrix rather than five independently
generated response matrices; algorithm randomness enters only through the 20

randomized trial seeds used in each sweep.

For configuration-level Bayesian optimization baselines, we convert this matrix
into 153 configuration-level arms. Each Bayesian optimization arm evaluates one
model on all 805 instructions, revealing the row-average score and consuming that
model’s all-example evaluation cost. Cost-aware experiments use model-specific
token prices from our Alpaca pricing table, with an input-to-output token ratio of
1:8 estimated from typical AlpacaEval prompt/response lengths (Appendix .
For Gittins-S on AlpacaEval, we use the dataset-specific prior mean/variance

(0.2, 0.01); Gittins-G uses the general prior (0.5, 0.04) listed in Table

MMLU. For MMLU, we use the DOVE response matrices (Habba et al., 2025).
MMLU is a multiple-choice question-answering benchmark consisting of 57 subjects
and approximately 14,000 examples in total. We treat each MMLU subject as a

separate problem instance. Each subject is evaluated across 15 LLM configurations
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and 100 prompting techniques, resulting in 1500 arms per subject.

The 15 LLM configurations used in the MMLU response matrices are Llama-3-
8B, Llama-3-8B-Instruct, Llama-3-70B-Instruct, CodeLlama-34B-Instruct, FLAN-
T5-XL, FLAN-T5-XXL, FLAN-UL2, Merlinite-7B, Mixtral-8x7B-Instruct-v0.1,
Mistral-7B-Instruct-v0.2, Gemma-7B, Gemma-7B-IT, Falcon-40B, Mistral-7B-v0.1,
and Falcon-180B. The number of examples varies across subjects; the full list of

subjects used in our evaluation is provided in Table [C.1]

C.2.2 Dataset Statistics

We provide descriptive statistics for the response matrices used in our evaluation.
For each dataset or subject, we compute the empirical quality of each arm as its
mean score over benchmark examples. For binary correctness matrices, this score
is mean accuracy; for AlpacaEval, it is the mean pairwise preference score. The
following figures visualize the resulting distribution of arm qualities. These plots
help illustrate the spread of arm performance, the location of the empirical mean,

the best arm, and the prior mean used in informative-prior experiments.

GSMS8K and PIQA. Figure shows the per-arm quality distributions for
GSMS8K and PIQA across the five independently generated response matrices. The
distributions are highly stable across seeds for both datasets. This indicates that,
although the response matrices are generated independently, the randomness from
LLM response generation introduces only limited variation at the aggregate level.
GSMS8K has a noticeably lower overall accuracy distribution than PIQA, while

PIQA exhibits a tighter concentration of high-quality arms.
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GSMBK, seed 1 GSMBK, seed 2 GSMBK, seed 3 GSMBK, seed 4

0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0
GSMBK, seed 5 PIQA, seed 1 PIQA, seed 2 PIQA, seed 3
1 : 1 B 1 :

0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0
PIQA, seed 4 PIQA, seed 5
1 B 1 :

0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0

Empirical mean =~ === Best arm = == Prior mean

Figure C.1: Distribution of per-arm quality for GSM8K, PIQA, and AlpacaEval.
GSMSK has 122 arms and 1,000 examples, PIQA has 103 arms and 1,000 examples,
and AlpacaFEval has 153 arms and 805 examples. For GSM8K and PIQA, each
subplot corresponds to one dataset—seed pair across five random seeds; for AlpacaE-
val, the subplot uses the no-rounding-debias matrix used in our experiments. Bars
show the histogram of arm quality, defined as mean accuracy or win rate over
queried examples. Vertical lines mark the empirical mean (red), best arm (green),
and prior mean (purple). The GSM8K and PIQA distributions are highly similar
across seeds, suggesting that the observed variation is small when the only source
of randomness is LLM response generation.

MMLU. For MMLU, we treat each subject as a separate problem instance. We
divide the subjects into three difficulty buckets according to the empirical mean
arm quality of the subject. The intuition is that if the mean arm quality is high,
then the subject is easier for the collection of LLM configurations and prompting
techniques; conversely, a lower mean arm quality indicates a harder subject. We
refer to these buckets as high-, medium-, and low-prior buckets, with prior means
po = 0.75, po = 0.6, and o = 0.4, respectively. Figures [C.2HC.4] show the per-arm

quality distributions for the three buckets.
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. T
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—— Empirical mean =~ - Best arm = === Prior mean

Figure C.2: Easy subjects: Distribution of per-arm quality for MMLU subjects
assigned to the high informative-prior bucket (10 = 0.75). Each subplot corresponds
to one subject; bars show the histogram of arm quality, defined as mean accuracy
over questions. Vertical lines mark the empirical mean (red), best arm (green), and
prior mean (purple).
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Anatomy Astronomy Business Ethics Clinical Know.

0.0 0.5 1.00.0 0.5 1.00.0 0.5 1.00.0 0.5 1.0
College Biology
] :

College Medicine Conceptual Phys Electrical Eng
: ] : :

0.5 .00.0 0.5 1.0 0.0 0.5 1.0
HS Euro Hist HS Macroecon HS Microecon

.0 0.5 1.00.0 0.5 1.00.0 0.5 1.0
Human Aging Medical Genetics Moral Disputes Nutrition

0.0 0.5 1.00.0 0.5 1.00.0 0.5 1.00.0 0.5 1.0
Philosophy Prehist(l>ry Prof Medicine Prof Psychology

0.0 0.5 1.00.0 0.5 1.00.0 0.5 1.00.0 0.5 1.0
Public Rellations Security Sltudies

0.0 1.00.0 0.5 1.0

—— Empirical mean =~ - Best arm ==== Prior mean

Figure C.3: Medium subjects: Distribution of per-arm quality for MMLU subjects
assigned to the medium informative-prior bucket (;o = 0.6). Each subplot corre-
sponds to one subject; bars show the histogram of arm quality, defined as mean
accuracy over questions. Vertical lines mark the empirical mean (red), best arm
(green), and prior mean (purple).
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Figure C.4: Hard subjects: Distribution of per-arm quality for MMLU subjects
assigned to the low informative-prior bucket (1o = 0.4). Each subplot corresponds
to one subject; bars show the histogram of arm quality, defined as mean accuracy
over questions. Vertical lines mark the empirical mean (red), best arm (green), and
prior mean (purple).
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Table C.1: MMLU datasets used in our evaluation. Each dataset is evaluated
across 15 LLM configurations and 100 prompting techniques, so the number of
rows is 1500 times the number of benchmark examples. Difficulty is based on prior
accuracy: datasets with high prior accuracy are labeled easy, those with medium
prior accuracy are labeled medium, and those with low prior accuracy are labeled

hard. The size category groups datasets by the number of benchmark examples.

Dataset Rows Difficulty Size Full Name

Abstract Alg. 1500 x 100 hard small ~ Abstract Algebra
Anatomy 1500 x 135 medium small  Anatomy
Astronomy 1500 x 152 medium  medium Astronomy

Business 1500 x 100 medium small  Business Ethics
Ethics

Clinical 1500 x 265 medium  medium Clinical Knowledge
Know.

College 1500 x 144 medium small  College Biology
Biology

College Chem 1500 x 100 hard small  College Chemistry
College CS 1500 x 100 hard small  College Computer Science
College Math 1500 x 100 hard small  College Mathematics
College 1500 x 173 medium  medium College Medicine
Medicine

College 1500 x 102 hard small  College Physics
Physics

Comp 1500 x 100 easy small ~ Computer Security
Security

Continued on next page
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Table C.1: MMLU datasets used in our evaluation (continued).

Dataset Rows Difficulty Size Full Name

Conceptual 1500 x 235 medium medium Conceptual Physics

Phys

Econometrics 1500 x 114 hard small  Econometrics

Electrical Eng 1500 x 145 medium small  Electrical Engineering

Elementary 1500 x 378 hard medium Elementary Mathematics

Math

Formal Logic 1500 x 126 hard small ~ Formal Logic

Global Facts 1500 x 100 hard small  Global Facts

HS Biology 1500 x 310 easy medium High School Biology

HS Chem 1500 x 203 hard medium High School Chemistry

HS CS 1500 x 100 medium small  High School Computer
Science

HS Euro Hist 1500 x 165 medium  medium High School European History

HS 1500 x 198 easy medium High School Geography

Geography

HS Gov & Pol 1500 x 193 easy medium High School Government and
Politics

HS 1500 x 390 medium medium High School Macroeconomics

Macroecon

HS Math 1500 x 270 hard medium High School Mathematics

HS Microecon 1500 x 238 medium  medium High School Microeconomics

HS Physics 1500 x 151 hard medium High School Physics

HS 1500 x 545 easy large High School Psychology

Psychology

HS Statistics 1500 x 216 hard medium High School Statistics
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Table C.1: MMLU datasets used in our evaluation (continued).

Dataset Rows Difficulty Size Full Name

HS US Hist 1500 x 204 easy medium High School US History
HS World 1500 x 237 easy medium High School World History
Hist

Human Aging 1500 x 223 medium  medium Human Aging
Human 1500 x 131 easy small ~ Human Sexuality
Sexuality

Int’l Law 1500 x 121 easy small  International Law
Jurisprudence 1500 x 108 easy small Jurisprudence
Logical 1500 x 163 easy medium Logical Fallacies
Fallacies

Machine 1500 x 112 hard small ~ Machine Learning
Learning

Management 1500 x 103 easy small ~ Management
Marketing 1500 x 234 easy medium Marketing
Medical 1500 x 100 medium small  Medical Genetics
Genetics

Misc 1500 x 783 easy large Miscellaneous
Moral 1500 x 346 medium  medium Moral Disputes
Disputes

Moral 1500 x 895 hard large Moral Scenarios
Scenarios

Nutrition 1500 x 306 medium  medium Nutrition
Philosophy 1500 x 311 medium medium Philosophy
Prehistory 1500 x 324 medium  medium Prehistory
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Table C.1: MMLU datasets used in our evaluation (continued).

Dataset Rows Difficulty Size Full Name

Prof 1500 x 282 hard medium Professional Accounting
Accounting

Prof Law 1500 x 1534 hard large Professional Law

Prof Medicine 1500 x 272 medium medium Professional Medicine
Prof 1500 x 612 medium large Professional Psychology
Psychology

Public 1500 x 110 medium small  Public Relations
Relations

Security 1500 x 245 medium  medium Security Studies
Studies

Sociology 1500 x 201 easy medium Sociology

US Foreign 1500 x 100 easy small  US Foreign Policy
Policy

Virology 1500 x 166 hard medium Virology

World 1500 x 171 easy medium World Religions
Religions

Computing environment.
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C.3 Experiment Setup and Implementation Details

Experiments were run on CPU-only computing
resources using precomputed response matrices rather than online LLM inference.
The response matrix serves as the offline ground-truth oracle: during bandit
simulation, each policy observes only the selected (arm, question) entries, while per-

arm matrix means are used to compute simple regret. For the Bayesian optimization



baselines, the response matrices are converted into configuration-level inputs, where
evaluating one candidate reveals its aggregate score. For GSM8K and PIQA, each
converted BanditEval configuration corresponds to a modelxprompt arm. For
MMLU, each converted DOVE configuration corresponds to a model X template arm.
For AlpacaEval, each converted Bayesian optimization configuration corresponds
to one leaderboard model evaluated on all 805 instructions. Reported per-batch
runtime therefore measures policy-side allocation overhead rather than model-

inference time.

Experimental repetitions. For GSM8K and PIQA, we run each adaptive policy
on each of the five independently generated response matrices. For every response
matrix, we perform 20 independent algorithm trials, each with independently
randomized example orders and algorithmic randomness. We report averages over
all matrix—trial pairs. For AlpacaEval, we use a single fixed pairwise score matrix
with 153 models and 805 instructions. As in MMLU, we run 20 independent
algorithm trials on this matrix and report averages over those trials. Unlike
GSMS8K and PIQA, we do not average over multiple independently generated
response matrices for AlpacaEval. For MMLU, we run 20 randomized algorithm
trials for each subject and aggregate results across the corresponding set of subjects.
The Bayesian optimization baselines use the same randomized-trial structure on

their converted configuration-level inputs.

Stopping-rule variants. For Gittins-based methods, we record two post-pull
stopping diagnostics. The primary diagnostic used in the main figures is the indez-
induced stopping rule: after each batch is evaluated and posterior Gittins indices

are updated, the policy stops when an arm attaining the largest current Gittins
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score is already fully observed. This corresponds to the natural termination point
of the required-completion Gittins policy, since the policy’s own index maximizer

has become a completed arm.

We also record a recommendation-aware stopping rule. Let I'; denote the current
Gittins score of arm ¢, and let u; denote its posterior mean. This diagnostic stops
when

max ['; < max f;, (C.30)
j

ieIinconlplete

that is, when the best remaining exploration opportunity has lower index than the
current best posterior-mean recommendation. This rule is more directly tied to
the anytime recommendation criterion, whereas the index-induced rule follows the
exploration policy itself. We use the index-induced rule in the main figures because
it is the stopping diagnostic most directly implied by the required-completion Gittins
policy: it asks when the policy’s own index maximizer has become a completed
arm. The recommendation-aware rule is included only to clarify an alternative
diagnostic tied to the anytime recommendation criterion, but it is not used for the

stopping markers in the reported main figures.

Baseline initialization and warm-up. For a response matrix with K arms
and N examples, the Bayesian optimization baselines use a configuration-level
random-initialization phase. In our main Bayesian optimization runs, a 5% ran-
dom initialization means drawing approximately 0.05K arms uniformly without
replacement and observing the full rows for those arms, i.e., evaluating the se-
lected configurations on all N examples before the acquisition-driven phase begins.
This corresponds to 6 initial configurations for GSM8K (K = 122), 5 for PIQA
(K =103), 8 for AlpacaEval (K = 153), and 75 for each MMLU subject (K = 1500).

Under the nominal 10% Bayesian optimization budget, the corresponding total
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configuration budgets are 12, 10, 15, and 150 configurations, respectively. This
convention is distinct from the low-rank-factorization warm-up in BanditEval (Zhou
et al., [2025). There, UCB-E-LRF first draws Tj individual arm—example pairs
uniformly from the K x N response matrix, and the default experimental setting
uses Tp = 0.05K N. The standalone LRF baseline in that paper is also written with
a Ty entry-level warm-up parameter, so any such warm-up should be interpreted as
a percentage of response-matrix entries rather than a percentage of arms evaluated

on all benchmark examples.

Evaluation costs. The cost-aware bandit experiments assign each arm a batch
cost proportional to the estimated cost of running that model configuration on B
benchmark examples. For GSM8K and PIQA, an arm is a model plus sampling or
prompting configuration; when several arms share a base model, they share the
model-level price, while the batch multiplier accounts for how many examples are
queried at that allocation step. For MMLU, each arm is a model-prompt pair, and
model-level input prices are repeated across the corresponding prompt arms. For
AlpacaEval, each arm is a single leaderboard model rather than a model xsampling-
configuration pair. Depending on the available metadata, costs can be computed
from API pricing, input/output token counts, generated-token counts, wall-clock
latency, or a normalized proxy such as model size. For the Bayesian optimization
baselines, each converted input row corresponds to a complete configuration, and
its cost is the estimated all-example evaluation cost of that configuration on the
corresponding benchmark or MMLU subject. The Gittins dynamic program uses
costs rescaled to the same utility units as the index computation, while the Bayesian
optimization baselines use configuration-level costs for cost-aware acquisition and

budget accounting.
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AlpacaEval evaluation costs. AlpacaEval uses model-specific API or proxy
prices for the 153 leaderboard models in the response matrix. For each model,
we record separate input and output costs in USD per 1M tokens and form the
evaluation cost as

cost = ¢in + 8 Cout, (C.31)

using the estimated AlpacaEval input-to-output token ratio 1:8. These model-level
costs define the per-arm cost vector for cost-aware bandit experiments and the
all-example evaluation costs used by the converted Bayesian optimization inputs.
Because AlpacaEval arms are individual leaderboard models rather than BanditEval-
style model x prompt configurations, we do not repeat a single model price across
multiple prompting arms as in MMLU. Tables and therefore do not apply

to AlpacaEval; the complete Alpaca pricing table is reported in Table [C.4]

Table C.2: Model-level evaluation costs used for GSM8K and PIQA. Costs are
reported in USD per 1M tokens. GSMS8K uses an assumed input-to-output token
ratio of 1 : 2, so the evaluation cost is computed as input cost plus twice the output
cost. PIQA uses input-only pricing. These model-level costs are used to construct
the per-arm cost vectors for the cost-aware experiments.

Model Input cost Output cost GSMS8K cost PIQA cost
CodeLlama 0.30 0.30 0.90 0.30
Gemma-7B 0.20 0.20 0.60 0.20
GPT-2 0.10 0.10 0.30 0.10
GPT-2 Large 0.10 0.10 0.30 0.10
LLaMA2-7B 0.20 0.20 0.60 0.20
Llemma-7B 0.80 1.20 3.20 0.80
Mistral-7B 0.05 0.20 0.45 0.05
Phi-2 0.05 0.10 0.25 0.05
StarCoder2-7B 0.20 0.20 0.60 0.20
Tulu 0.20 0.20 0.60 0.20
Tulu2 0.20 0.20 0.60 0.20
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Table C.3: Model-level input costs used for MMLU. Costs are reported in USD per
1M input tokens. MMLU uses input-only pricing. Each MMLU subject contains
1500 arms, corresponding to 15 models paired with 100 prompt configurations;
therefore, each model-level input cost is repeated across the corresponding prompt
arms.

MMLU model Input cost
Llama-3-8B 0.05
Llama-3-8B-Instruct 0.03
Llama-3-70B-Instruct 0.51
CodeLlama-34B-Instruct 0.776
FLAN-T5-XL 0.60
FLAN-T5-XXL 1.80
FLAN-UL2 5.00
Merlinite-7B 0.60
Mixtral-8x7B-Instruct-v0.1 0.54
Mistral-7B-Instruct-v0.2 0.14
Gemma-7B 0.20
Gemma-7B-IT 0.07
Falcon-40B 0.84
Mistral-7B-v0.1 0.11
Falcon-180B 1.25
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Table C.4: AlpacaEval model-level pricing table for the 153-model response matrix.
Input and output prices are in USD per 1M tokens. The combined cost is input
cost + 8 output cost, matching the AlpacaEval input-to-output token ratio used

for cost-aware runs.

Model Input Output Combined
Conifer-7B-DPO 0.2 0.2 1.8
Contextual-KTO-Mistral-PairRM 0.2 0.2 1.8
FsfairX-Zephyr-Chat-v0.1 0.2 0.2 1.8
LMCocktail-10.7B-v1 0.2 0.2 1.8
Meta-Llama-3-70B-Instruct 0.9 0.9 8.1
Meta-Llama-3-8B-Instruct 0.2 0.2 1.8
Mistral-7B-Instruct-v0.2 0.2 0.2 1.8
Mistral-7B-ReMax-v0.1 0.2 0.2 1.8
Mixtral-8x22B-Instruct-v0.1 1.2 1.2 10.8
Mixtral-8x7B-Instruct-v0.1 0.5 0.5 4.5
Mixtral-8x7B-Instruct-v0.1 concise 0.5 0.5 4.5
Mixtral-8x7B-Instruct-v0.1 _verbose 0.5 0.5 4.5
Nanbeige-Plus-Chat-v0.1 0.2 0.2 1.8
Nanbeige2-8B-Chat 0.2 0.2 1.8
OpenHermes-2.5-Mistral-7B 0.2 0.2 1.8
Qwen-14B-Chat 0.2 0.2 1.8
Qwenl1.5-1.8B-Chat 0.1 0.1 0.9
Qwenl.5-110B-Chat 0.9 0.9 8.1
Qwenl.5-14B-Chat 0.2 0.2 1.8
Qwenl.5-72B-Chat 0.1 0.1 0.9
Qwenl.5-7B-Chat 0.2 0.2 1.8

Continued on next page
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Table C.4: AlpacaEval model-level pricing table (continued).

Model Input Output Combined
Samba-CoE-v0.1 0.2 0.2 1.8
Samba-CoE-v(.2-best-of-16 3.2 3.2 28.8
Samba-CoE-v(.2 0.2 0.2 1.8
Snorkel-Mistral-PairRM-DPO-best-of-16 3.2 3.2 28.8
Snorkel-Mistral-PairRM-DPO 0.2 0.2 1.8
Starling-LM-7B-alpha 0.2 0.2 1.8
TempNet-LLaMA2-Chat-13B-v0.1 0.2 0.2 1.8
TempNet-LLaMA2-Chat-70B-v0.1 0.9 0.9 8.1
TempNet-LLaMA2-Chat-7B-v0.1 0.2 0.2 1.8
Yi-34B-Chat 0.9 0.9 8.1
airoboros-33b 0.9 0.9 8.1
airoboros-65b 0.9 0.9 8.1
aligner-2b_ claude-3-opus-20240229 0.1 0.1 0.9
aligner-2b_qwenl.5-72b-chat 0.1 0.1 0.9
LLaMA-7B 0.2 0.2 1.8
alpaca-7b 0.2 0.2 1.8
alpaca-7b_ concise 0.2 0.2 1.8
alpaca-7b__verbose 0.2 0.2 1.8
alpaca-farm-ppo-human 0.2 0.2 1.8
alpaca-farm-ppo-sim-gpt4-20k 0.2 0.2 1.8
baichuan-13b-chat 0.2 0.2 1.8
baize-v2-13b 0.2 0.2 1.8
baize-v2-Tb 0.2 0.2 1.8
causallm-14b 0.2 0.2 1.8
chatglm2-6b 0.2 0.2 1.8

Continued on next page
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Table C.4: AlpacaEval model-level pricing table (continued).

Model Input Output Combined
claude-2.1 8 24 200
claude-2.1 concise 8 24 200
claude-2.1 _verbose 8 24 200
claude-2 8 24 200
claude-3-opus-20240229 15 75 615
claude-3-sonnet-20240229 3 15 123
claude-instant-1.2 0.8 2.4 20
claude 8 24 200
claude2-alpaca-13b 0.2 0.2 1.8
cohere 1 2 17
cut-13b 0.2 0.2 1.8
dbrx-instruct 1.2 1.2 10.8
deepseek-1lm-67b-chat 0.9 0.9 8.1
deita-7b-v1.0 0.2 0.2 1.8
dolphin-2.2.1-mistral-7b 0.2 0.2 1.8
evo-Tb 0.2 0.2 1.8
evo-v2-Tb 0.2 0.2 1.8
falcon-40b-instruct 0.9 0.9 8.1
falcon-7b-instruct 0.2 0.2 1.8
gemini-pro 0.5 1.5 12.5
gemma-2b-it 0.1 0.1 0.9
gemma-7b-it 0.2 0.2 1.8
gpt-3.5-turbo-0301 1.5 2 17.5
gpt-3.5-turbo-0613 1.5 2 17.5
gpt-3.5-turbo-1106 1 2 17
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Table C.4: AlpacaEval model-level pricing table (continued).

Model Input Output Combined
gpt-3.5-turbo-1106 concise 1 2 17
gpt-3.5-turbo-1106 _ verbose 1 2 17
gpt-4-0125-preview 10 30 250
gpt35 turbo_instruct 1.5 2 17.5
gptd 30 60 510
gptd 0314 30 60 510
gptd 0613 30 60 510
gpt4d 0613 concise 30 60 510
gptd 0613 verbose 30 60 510
gpt4 1106 preview 10 30 250
gpt4 1106 preview concise 10 30 250
gptd  gamed 30 60 510
guanaco-13b 0.2 0.2 1.8
guanaco-33b 0.9 0.9 8.1
guanaco-65b 0.9 0.9 8.1
guanaco-7b 0.2 0.2 1.8
humpback-llama-65b 0.9 0.9 8.1
humpback-llama2-70b 0.9 0.9 8.1
internlm2-chat-20b-ppo 0.9 0.9 8.1
jina-chat 0.2 0.2 1.8
llama-2-13b-chat-hf 0.2 0.2 1.8
llama-2-70b-chat-hf 0.9 0.9 8.1
llama-2-7b-chat-hf 0.2 0.2 1.8
llama-2-chat-7b-evol 7T0k-neft 0.2 0.2 1.8
minichat-1.5-3b 0.1 0.1 0.9

Continued on next page
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Table C.4: AlpacaEval model-level pricing table (continued).

Model Input Output Combined
minichat-3b 0.1 0.1 0.9
minotaur-13b 0.2 0.2 1.8
mistral-large-2402 8 24 200
mistral-medium 2.7 8.1 67.5
mistral-orpo-beta 0.2 0.2 1.8
nous-hermes-13b 0.2 0.2 1.8
oasst-rlhf-llama-33b 0.9 0.9 8.1
oasst-sft-llama-33b 0.9 0.9 8.1
oasst-sft-pythia-12b 0.1 0.1 0.9
openbuddy-falcon-40b-v9 0.9 0.9 8.1
openbuddy-falcon-7b-v6 0.2 0.2 1.8
openbuddy-llama-30b-v7.1 0.9 0.9 8.1
openbuddy-llama-65b-v8 0.9 0.9 8.1
openbuddy-llama2-13b-v11.1 0.2 0.2 1.8
openbuddy-llama2-70b-v10.1 0.9 0.9 8.1
openchat-13b 0.2 0.2 1.8
openchat-v2-13b 0.2 0.2 1.8
openchat-v2-w-13b 0.2 0.2 1.8
openchat-v3.1-13b 0.2 0.2 1.8
openchat8192-13b 0.2 0.2 1.8
opencoderplus-15b 0.2 0.2 1.8
pairrm-Yi-34B-Chat 0.9 0.9 8.1
pairrm-tulu-2-13b 0.2 0.2 1.8
pairrm-tulu-2-70b 0.9 0.9 8.1
pairrm-zephyr-7b-beta 0.2 0.2 1.8

Continued on next page
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Table C.4: AlpacaEval model-level pricing table (continued).

Model Input Output Combined
phi-2-dpo 0.1 0.1 0.9
phi-2-sft 0.1 0.1 0.9
phi-2 0.1 0.1 0.9
platolm-7b 0.2 0.2 1.8
pythia-12b-mix-sft 0.1 0.1 0.9
recycled-wizardlm-7b-v1.0 0.2 0.2 1.8
recycled-wizardlm-7b-v2.0 0.2 0.2 1.8
text davinci_ 001 20 20 180
text davinci_ 003 20 20 180
tulu-2-dpo-13b 0.2 0.2 1.8
tulu-2-dpo-70b 0.9 0.9 8.1
tulu-2-dpo-7b 0.2 0.2 1.8
ultralm-13b-best-of-16 3.2 3.2 28.8
ultralm-13b-v2.0-best-of-16 3.2 3.2 28.8
ultralm-13b-v2.0 0.2 0.2 1.8
ultralm-13b 0.2 0.2 1.8
vicuna-13b-v1.3 0.2 0.2 1.8
vicuna-13b-v1.5 0.2 0.2 1.8
vicuna-13b 0.2 0.2 1.8
vicuna-33b-v1.3 0.9 0.9 8.1
vicuna-7b-v1.3 0.2 0.2 1.8
vicuna-7b-v1.5 0.2 0.2 1.8
vicuna-7b 0.2 0.2 1.8
wizardlm-13b-v1.1 0.2 0.2 1.8
wizardlm-13b-v1.2 0.2 0.2 1.8
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Table C.4: AlpacaEval model-level pricing table (continued).

Model Input Output Combined
wizardlm-13b 0.2 0.2 1.8
wizardlm-70b 0.9 0.9 8.1
xwinlm-13b-v0.1 0.2 0.2 1.8
xwinlm-70b-v0.1 0.9 0.9 8.1
xwinlm-7b-v0.1 0.2 0.2 1.8
zephyr-7b-alpha 0.2 0.2 1.8
zephyr-7b-beta 0.2 0.2 1.8

Gaussian approximation. For benchmark scores grouped in batches, a batch
of B responses produces an empirical mean score. For binary-accuracy benchmarks
such as GSMSK, PIQA, and MMLU, the default observation variance is 72 =
1/(4B), the worst-case binary variance divided by the batch size. For AlpacaEval,
matrix entries are continuous pairwise preference scores in [0, 1] rather than binary
correctness labels. We therefore do not use the binary worst-case variance 1/(4B) as
the default observation noise for AlpacaEval; instead, we use the same batch-noise
scale as in the main reported Gittins runs for that benchmark. For other score
types, we estimate 72 from pilot batches or historical response matrices, and we
also consider plug-in variances in which 72 is updated from the current posterior

mean.

Prior settings. All arms use the same prior mean and variance, representing a
shared belief before benchmark-specific evidence is collected. Table lists the

general default prior and the data-specific common priors used by Gittins-G and
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Gittins-S. Figures [C.2] [C.3], and [C.4] show the MMLU latent-accuracy distributions

used to motivate the informative prior buckets.

Table C.5: Prior settings used in the Gittins-index experiments. We report Gaussian
priors as N (jig,vg). The default prior is a general accuracy-scale choice. Dataset-
specific priors provide shared benchmark-level information without using arm-
specific prior means.

Benchmark / group Prior Description

All benchmarks N(0.5,0.04) General default prior
GSMSK N(0.2,0.01) Very hard benchmark
PIQA N(0.4,0.02) Hard benchmark
AlpacaEval N(0.2,0.01) Very hard benchmark
MMLU low-accuracy bucket N(0.4,0.02) Hard subjects
MMLU medium-accuracy bucket — N(0.6,0.02) Medium subjects
MMLU high-accuracy bucket N(0.75,0.01)  Easy subjects

C.4 Additional Experiment Results

C.4.1 Ablation Studies

We include three ablations to separate the statistical and cost-sensitive components

of the Gittins index policy.

Choice of common prior. We compare the common priors listed in Table
This ablation tests whether Bayesian allocation gains come from useful shared prior
information or from the index rule alone, without giving different arms different

prior means.

Batch size. For UCB-E and the Gittins variants, we vary the batch size B
used to construct empirical batch-mean observations. Smaller batches provide

more frequent adaptation but noisier observations; larger batches reduce Gaussian
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Table C.6: Batch-size settings used in the simple-regret experiments. For UCB-E
and both Gittins variants, batch size B denotes the number of examples queried for
the selected arm at each allocation step. For AlpacaEval, these examples correspond
to instruction-level pairwise preference scores rather than binary correctness labels.
UCB-E-LRF uses B = 32 in all reported settings. Bayesian optimization baselines
operate at the configuration level, so evaluating one candidate reveals its aggregate
score and does not use a bandit batch size. For MMLU, subject matrices are
grouped by the number of benchmark examples, and the batch-size grid for UCB-E
and Gittins is chosen according to this subject-size bucket.

Benchmark / group Matrices Example-count rule Batch sizes
GSM8K 5 response matrices 1000 examples each B € {8,16, 32}
PIQA 5 response matrices 1000 examples each B € {8,16, 32}
AlpacaEval 1 pairwise score matrix 805 instructions B € {8,16, 32}
MMLU small 22 subject matrices Nexamples < 150 B e {2,4,8}
MMLU medium 30 subject matrices 151 < Nexamples < 400 B € {4,8,16}
MMLU large 5 subject matrices Nexamples > 400 B € {8, 16, 32}

approximation error and posterior noise but make each allocation decision coarser.
UCB-E-LRF uses B = 32 in the reported settings, while Bayesian optimization
baselines operate at the configuration level and therefore do not use a bandit batch
size. Table [C.0] summarizes the batch-size grids used for GSM8K, PIQA, MMLU,
and AlpacaEval. On AlpacaEval, each batch query corresponds to B additional
pairwise comparisons for the selected model rather than B independent benchmark

examples with binary labels.

Cost-scaling factor. The Gittins index policy uses a cost-scaling factor to map
evaluation costs into the continuation penalty in the index computation. In the
unit-cost setting, this factor is applied to a common unit cost for each evaluation;
in the cost-aware setting, it is applied to the original per-evaluation costs. This
parameter controls the effective price of continuing to sample: larger values make
additional evaluations more costly and therefore favor earlier stopping, whereas

smaller values encourage longer exploration. In our experiments, we sweep three
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cost-scaling factors, 1073, 1074, and 10~°, for both unit-cost and cost-aware Gittins
variants. Unless otherwise specified, the main reported figures use 10~%, which we
found to provide a representative balance between stopping early and continuing

exploration.

C.4.2 Per-Subject MMLU Results

We provide additional MMLU results under informative priors in Figures
The subjects are grouped into easy, medium, and hard groups according to their
empirical mean arm quality. The corresponding prior means are g = 0.75, o = 0.6,
and g = 0.4, respectively. For each bucket, we report both unit-cost results, where
the horizontal axis is the number of evaluations, and cost-aware results, where
the horizontal axis is cumulative evaluation cost. Across the MMLU subjects, the
Gittins-based policies generally improve over UCB-E. Gittins-S generally reaches
lower simple regret earlier than UCB-E and Gittins-G across difficulty buckets.
This suggests that the data-specific prior is broadly helpful for MMLU, especially

when subjects are more challenging.
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Figure C.5: MMLU unit-cost results for easy subjects (high prior bucket). Simple
regret is plotted against cumulative evaluations. Subplot labels S, M, and L indicate
small, medium, and large subject matrices, corresponding to batch sizes B = 2,
B =4, and B = 8, respectively; LRF uses B = 32 throughout. Shaded regions
denote +1 standard errors across seeds. Dashed vertical lines mark mean stopping
times, with faint vertical bands showing +1 standard errors. On easier subjects,
the Gittins variants usually reach low simple regret rapidly and often outperform
UCB-E. Bayesian optimization is competitive on several tasks but is less uniformly
strong, while LRF is generally less effective and less stable. Compared with SySRs,
Gittins-S generally enters the low-regret regime earlier across these subjects.
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Figure C.6: MMLU cost-aware results for easy subjects (high prior bucket). Simple
regret is plotted against cumulative cost. Subplot labels S, M, and L indicate small,
medium, and large subject matrices, corresponding to batch sizes B =2, B = 4,
and B = 8§, respectively; LRF uses B = 32 throughout. Shaded regions denote
+1 standard errors across seeds. Dashed vertical lines mark mean stopping times,
with faint vertical bands showing +1 standard errors. In this cost-aware setting,
Gittins variants typically reach low simple regret at relatively small cumulative cost.
Bayesian optimization is strong on some subjects but is not consistently better
than Gittins, and LRF remains comparatively weak and unstable. Compared with
SySRs, Gittins-S generally enters the low-regret regime earlier across these subjects.
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Figure C.7: MMLU unit-cost results for medium-difficulty subjects (medium prior
bucket). Simple regret is plotted against cumulative evaluations. Subplot labels
S, M, and L indicate small, medium, and large subject matrices, corresponding to
batch sizes B = 2, B = 4, and B = 8, respectively; LRF uses B = 32 throughout.
Shaded regions denote +1 standard errors across seeds. Dashed vertical lines mark
mean stopping times, with faint vertical bands showing +1 standard errors. Across
these mixed-difficulty subjects, Gittins-S is often the most reliable variant, reaching
low simple regret earlier than UCB-E on many tasks. Gittins-G remains competitive
on several subjects, and Bayesian optimization performs well when the arm-level
configuration structure is informative. LRF is generally less effective. Compared
with SySRs, Gittins-S generally enters the low-regret regime earlier across these

subjects.
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Figure C.8: MMLU cost-aware results for medium-difficulty subjects (medium prior
bucket). Simple regret is plotted against cumulative cost. Subplot labels S, M, and
L indicate small, medium, and large subject matrices, corresponding to batch sizes
B =2, B =4, and B = §, respectively; LRF uses B = 32 throughout. Shaded
regions denote +1 standard errors across seeds. Dashed vertical lines mark mean
stopping times, with faint vertical bands showing 41 standard errors. The Gittins
variants usually achieve low simple regret with substantially smaller cumulative cost
than UCB-E. Gittins-S is often the strongest and most stable method in this bucket,
while Bayesian optimization is competitive on selected subjects. LRF remains less
stable and typically underperforms. Compared with SySRs, Gittins-S generally
enters the low-regret regime earlier across these subjects.
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Figure C.9: MMLU unit-cost results for hard subjects (low prior bucket). Simple
regret is plotted against cumulative evaluations. Subplot labels S, M, and L indicate
small, medium, and large subject matrices, corresponding to batch sizes B = 2,
B =4, and B = 8, respectively; LRF uses B = 32 throughout. Shaded regions
denote 1 standard errors across seeds. Dashed vertical lines mark mean stopping
times, with faint vertical bands showing +1 standard errors. On hard subjects,
Gittins-S is usually the most effective and stable method, often reaching low
simple regret earlier than UCB-E and more consistently than Gittins-G. Bayesian
optimization is strong on a few subjects but is not uniformly dominant, while LRF
is substantially less reliable. Compared with SySRs, Gittins-S generally enters the
low-regret regime earlier across these subjects.
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Figure C.10: MMLU cost-aware results for hard subjects (low prior bucket). Simple
regret is plotted against cumulative cost. Subplot labels S, M, and L indicate small,
medium, and large subject matrices, corresponding to batch sizes B =2, B = 4,
and B = 8, respectively; LRF uses B = 32 throughout. Shaded regions denote +1
standard errors across seeds. Dashed vertical lines mark mean stopping times, with
faint vertical bands showing +1 standard errors. In this harder cost-aware setting,
Gittins-S generally provides the strongest overall performance, reaching low simple
regret with smaller cumulative cost than UCB-E on most subjects. Gittins-G can
be competitive on some tasks but is less stable under heterogeneous costs. Bayesian
optimization performs well on selected tasks, while LRF remains the least reliable
baseline. Compared with SySRs, Gittins-S generally enters the low-regret regime
earlier across these subjects.
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C.4.3 Computational Overhead Comparison

Timing protocol. Wall-clock timing measurements report the total runtime
of each allocation policy over a completed simulated evaluation run. Since the
response matrices are precomputed, each evaluation is implemented as an array
lookup rather than an LLM inference call. Therefore, the reported runtime reflects
the computational overhead of the allocation procedure itself, including method-
specific setup and the repeated online computation required during the run. This
includes confidence-bound computation for UCB-E, low-rank-factorization updates
for UCB-E-LRF, similarity-based updates for SySRs, Gittins-index computation
for the Gittins variants, and Gaussian-process fitting and acquisition computation
for the Bayesian optimization baselines. These measurements should be interpreted
as simulation-time algorithmic overhead rather than model-serving or benchmark-

construction cost.
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Figure C.11: Total wall-clock runtime under the unit-cost setting. Each panel
reports the total runtime for a completed simulated allocation run on GSMS8K,
PIQA, AlpacaEval, MMLU-small, MMLU-medium, and MMLU-large. Bars show
medians across completed runs, with black error bars indicating +1 standard
error. Hollow diamonds mark median Gittins stopping times, and hollow circles
mark median Bayesian optimization stopping times, estimated by scaling each
run’s total runtime by the fraction of the evaluation budget used at stopping.
UCB-E and Gittins use B = 8 on GSM8K/PIQA /AlpacaEval and B = 2,4, 8 on
MMLU-small/medium /large, respectively; UCB-E-LRF uses B = 32 throughout.
Bayesian optimization baselines correspond to PBGI run with unit costs and LogEI.
The broken vertical axis is used because UCB-E-LRF is much slower on larger
MMLU tasks. Overall, Gittins remains close to UCB-E except on the larger MMLU
settings, while UCB-E-LRF incurs substantially larger overhead. SySRs remains
computationally light across the benchmark groups. The Bayesian optimization
baselines are also computationally light in these total-runtime measurements,
partly because their configuration-level protocol requires fewer sequential allocation
decisions than the batch-level bandit methods.
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Figure C.12: Total wall-clock runtime under the cost-aware setting. Each panel
reports the total runtime for a completed simulated allocation run on GSMS8K,
PIQA, AlpacaEval, MMLU-small, MMLU-medium, and MMLU-large. Bars show
medians across completed runs, with black error bars indicating +1 standard error.
Hollow diamonds mark median Gittins stopping times, and hollow circles mark
median Bayesian optimization stopping times, estimated by scaling each run’s
total runtime by the fraction of the cost budget used at stopping. UCB-E and
Gittins use B = 8 on GSM8K/PIQA/AlpacaEval and B = 2,4,8 on MMLU-
small /medium/large, respectively; UCB-E-LRF uses B = 32 throughout. Bayesian
optimization baselines correspond to PBGI and LogEIPC. The broken vertical axis
is used because UCB-E-LRF is much slower on larger MMLU tasks. Overall, Gittins
remains close to UCB-E except on the larger MMLU settings, while UCB-E-LRF
incurs substantially larger overhead. SySRs remains computationally light across the
benchmark groups. The Bayesian optimization baselines are also computationally
light in these total-runtime measurements, partly because their configuration-level
protocol requires fewer sequential allocation decisions than the batch-level bandit
methods.
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APPENDIX D
SUPPLEMENT TO CHAPTER 5

D.1 Theory

This section supplies the proofs of the two theoretical results underlying the one-
dimensional reduction in Theorems|14|and |16} We first show, by backward induction,
that a lumping map preserves the local value function. We then verify that the
terminal-value signal map is such a lumping map and that the resulting scalar

process is a time-heterogeneous Gaussian random walk.

Theorem 14 (Value preservation under lumping). Let (Xy, pe,7i,¢0) and

(X, P, T4, T) be two time-heterogeneous Markov chains related by a lumping map

*

(f)L,, and let V., and V be their respective local value functions. Then

t,loc t,loc

V;,kloc(x; Oé) - V;loc(ft(x); Oé) (58)

for every t, x € Xy, and o € R.

Proof of Theorem[14 Fix v € R. We prove by backward induction on the local
stage t that
Viee(z; ) = V;loc(ft(x); a) forall z € X,. (D.1)

Joc

Base case (t = T'). At the terminal stage, the two available values are the

outside option and the terminal go payoff. Reward and cost preservation give

Vi oe(; @) = max{a, rp(z) — er(z)}
= max{e, Tr(fr(x)) — cr(fr(r))}

= Voo fr(2); ). (D.2)
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Inductive step. Assume the identity holds at stage t + 1. For x € X;, the

Bellman recursion for the larger chain is

Viioe(; @) = max{ a, () = (@) + Exompo[Viiane X5 }. - (D3)

By the induction hypothesis and the transition consistency of the lumping map,

the pushforward of p,(- | ) under f;.; is p,(- | fi(x)), so

*

" — —/
Exmpe(la) [Vt+1,1oc<X/3 a)] = EY’N@(.M(;E))[Vt+1,loc(X ;). (D.4)

Reward and cost preservation therefore yield

*

* = - = !
Vitoe(ia) = max{oz, ri(fi(@)) —a(fi(@)) + EY’NE(.m(x))[Vt+1,loc(X ?04)]}- (D.5)
The right-hand side is V;loc( fi(x); ), completing the induction. O

Theorem 16 (Terminal-value signal reduction). Consider the fully observed LGSSM
in Definition [19, and suppose its rewards and costs factor through the terminal-
value signal maps in Definition . Then (f;)_, is a lumping map, and the reduced

process is the time-heterogeneous Gaussian random walk

St41 = St + Cep1, Cg1 ~ N(()» Ut2+1)a (5-11)

where the increments are independent and
ot =€ @1 7 QuB/, L. (5.12)

Consequently, the original LGSSM and the scalar random walk have identical local

value functions and Gittins indices at corresponding states.
Proof of Theorem[16 By definition, ®; 7 = ®;,1 7F;. Using the LGSSM dynamics,
Lii1 = Ft.’Bt + €441, (D6)
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we have

St+1 = ET‘I’HLTiBtH
T T
=L @1 7Fxy + 4 Py rEi
-
=€ P, 7z + G

= 5 + (41, (D.7)

where (141 1= ET<I>t+1,Tst+1. The original innovations are independent and Gaussian,

so the transformed increments are independent and
a1 ~ N (0, €7@, 7Qu®/ 12) . (D.8)

Thus the conditional distribution of s;;; given x; depends on x; only through
s¢ = fi(x;), which verifies transition consistency for (f;)I_,. Reward and cost
preservation hold by the theorem’s factorization assumption. Therefore (f;) is a
lumping map, and equality of the local value functions and Gittins indices follows

from Theorem [14] O

D.2 Fast Fourier Transform Details

Derivation of the EI-kernel convolution formula. The reduced random walk
satisfies 441 | @ = @ ~ N(z,07,,). Thus the Bellman continuation expectation at

stage t is

B[ Qo) | 0= 1] = [~ Qliasoc9)00 (e = 9)ds = @ 00) ().
(D.9)
Here we derive the closed-form expression for the Bellman convolution term

<©1—€:—1,10c % ¢pv1)(x) when @:ﬁrmoc is represented in the piecewise-linear basis

T

-1
Qf110e(®) = Q1 10c(&0) +mu(a — &)+ (Mysr — my) max(z — &,0), (D.10)

i=1
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and ¢y is the density of N'(0,07,):

(@1 100 * Se1) (@)

- / O 1 100(3)141(z — ) ds

= Q@) [ o= dstmi [ (- @orne - 9)as

—00

P-1 o
+ ) (mig1 —my) / max(s — &, 0)pr1(z — s)ds
i=1 %

= @Lmoc(fo) +mi(x—&)+ Y (miy1 —m;) /OO max(z — & — u, 0)psy1(u) du

v
-

@
I
—

P-1
= Q1 10c(60) +ma(z — &) + ) (i1 — mi) Bepo,02, ) max(z — & — €,0)
=1
R P-1
= Q1 10c(60) +ma(z — &) + D (mip1 —my) Bl (z — &), (D.11)
=1

where

z z
Blisi(2) 1= Byonioz,,) max(z — £,0) = 2 @ ( ) o ( ) - (Da2)
Ot+1 Ot+1

The resulting expression is used in Equation (5.23)) to evaluate Bellman updates on
the grid via FFT.

D.3 Experimental Details

All experiments are implemented in JAX (Bradbury et al., [2018).

Synthetic model. The thesis-section experiments use model-matched synthetic
linear Gaussian state-space model instances. Each arm is a discretized Matérn-3/2
process with unit time step. We independently draw an arm-specific lengthscale
uniformly from [2,20] and output scale uniformly from [0.1,0.5]; these arm models

are held fixed across the sampled worlds. The three-dimensional initial state
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Figure D.1: Policy rollouts for the Gittins policy applied to a synthetic Markov
chain selection task. The cost scaling parameter A\ reflects the explore/exploit
tradeoft.

represents the asymptotic value, initial value, and derivative. For each arm, their
prior means are drawn uniformly from [—5,0], [-10, —5], and the singleton {0},
respectively, after which the initial state is sampled from a Gaussian distribution
with the resulting mean and identity covariance. The policy observes the staged
feedback generated by this model and uses the corresponding model parameters.
We vary the number of arms and the horizon, using N € {100, 500,1000} and
T € {10,50,100}. For each (N, T) setting, we sample 16 independent worlds and
perform one observation-noise rollout per world. The objective vector (1,0,0)"

makes the arm’s asymptotic value the terminal quantity of interest.

Posterior inference. For every arm, the Kalman filter is initialized with the
same prior mean used to generate that arm’s initial state and covariance I3. Thus,
both the state-space dynamics and the prior used by the policy match the data-
generating process. The posterior is updated after each scalar observation, and the

resulting sequence of posterior states is supplied to the Gittins-index computation.
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Bayesian regret. Within each world, the reference value is the largest posterior
mean asymptotic value after conditioning on the complete length-T" trajectory of
every arm. The selected arm is the first arm that the policy evaluates through the
full horizon, and its regret is the difference between this reference value and that
arm’s corresponding posterior mean asymptotic value. We report the mean regret
across the 16 worlds. Evaluation cost is the total number of arm-level observations
made before an arm is selected; together, mean cost and mean regret produce the
Pareto frontiers shown in Fig. [5.3] Because the experiments are model-matched,
these results are intended to isolate the behavior of the Gittins policy under the

assumptions used in the theory.

Fast Fourier Transform. We choose the grid size to be 219 + 1 = 1025.

Gittins index algorithm. Our Gittins index algorithm uses a cost-scaling factor
A to represent the tradeoff between terminal reward and evaluation cost. In the
synthetic experiments, we sweep A € {1072,1073,107%,107°}. At each decision,
the policy evaluates the arm with the largest Gittins index at its current arm-local
time and stops when one arm has been evaluated through the horizon. The Gittins
indices are calculated from the model-matched state-space posterior used by the
synthetic data-generating process, with one observation per stage and a constant

per-observation cost A.

Baselines. We consider two simple baselines.

1. Random search. N random arms are run to completion, and the best arm is

selected. We run the policy for 10,000 random seeds and plot the mean and

245



variance.

2. Successive halving. Given a maximum horizon 7' and halving rate n €
{2,3,4,5}, successive halving initializes a pool of arms, evaluates each for
an initial budget, and repeatedly discards a 1 — 1/ fraction of arms at each

round until one remains (Jamieson and Talwalkar, |2016; Li et al., |2018)).

Hardware. Experiments were run with 64 bit precision on NVIDIA GPUs,

exploiting vectorised parallelism.
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